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Evaluation
s Score Details:
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= Presentation 15%
= Implementation Project 15%
=« EXxercises 10% 7
« Final Exam 60% N

>

= Your Presentations are in New Applications, Models or
Concepts of Machine Learning (Each of yours selec::j
one new paper (only from ISI Journals with M.L
scope)).

= Your Projects are implementation and/or enhancement
of the method in your paper (Enhancement has
additional impact) .

Dr. A. Fathi, Machine Learning



Contents

Razi University

= Introduction to Machine Learning

« Basic Machine Learning Concept

= Review of Basic Mathematics
Linear Algebra

Statistics
Probability Theory /
Learning Theory e
= Supervised Learning = Unsupervised Learning \/
= Regression (Linear/Polynomial) = Clustering \
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Definitions of Learning
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Learning Is the acquisition of knowledge
about the world.

Kupfermann (1985)
é

Learning is an adaptive change in behawor;
caused by experience. A

Shepherd (1988) J

"The brain is nothing but a statistical decision organ" H. Barlow
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What is Machine Learning?
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= 'Learning is any process by which a system
improves performance from experience.”

- Herbert Simon

= Definition by Tom Mitchell (1998):

Machine Learning is the study of algorithms that
= Improve their performance P
= At some task 7
= With experience £

> 1Va

A well-defined learning task is given by <E, T, P>.
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Machine Learning

= Traditional Programming
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Data
Output
Program C
P
= Machine Learning a
Data
Program
Output
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= ML is used when:
= Human expertise does not exist (navigating on Mars)
= Humans can’t explain their expertise (speech recognition)
= Models must be customized (personalized medicine)
= Models are based on huge amounts of data (genomics)

= Learning isn’t always useful:
= There is no need to “learn” to calculate payroll
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Machine Learning

o "If you are a current computer science student, what area would you

Razi University

start studying heavily?
— Answer: Machine Learning.
—"The ultimate is computers that learn” —Bill Gates, Reddit AMA -
o "Machine learning is today’s discontinuity” , —Jerry Yang Co-founder, Yahoo \\»
g
- Google Trends A
d
2“ VW J—/
_'_ﬁ___,___n.-—'"_ﬂ__.-a—..—n—,—.,-v—,_,_"__f«-u—--— —_—
® Machine learning ® Deep learning Big data

Field of study Field of study Topic
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History of Machine Learning

= 1950s:
= Samuel’s checker player
= Selfridge’s Pandemonium
= 1960s:
= Neural networks: Perceptron
= Pattern recognition
« Learning in the limit theory
= Minsky and Papert prove limitations of Perceptron
= 1970s:
= Symbolic concept induction
= Winston's arch learner
= Expert systems and the knowledge acquisition bottleneck
= Quinlan’s ID3
= Michalski's AQ and soybean diagnosis

= Scientific discovery with BACON
= Mathematical discovery with AM

Dr. A. Fathi, Machine Learning
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History of Machine Learning

= 1980s:
= Advanced decision tree and rule learning
= Explanation-based Learning (EBL)
= Learning and planning and problem solving
= Utility problem
= Cognitive architectures
= Resurgence of neural networks (connectionism, backpropagation)
= Valiant’s PAC Learning Theory
= 1990s:
= Data mining
= Adaptive software agents and web applications
= Text learning
= Reinforcement learning (RL)
= Inductive Logic Programming (ILP)
= Ensembles: Bagging, Boosting, and Stacking
= Bayes Net learning

Razi University
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History of Machine Learning
= 2000s:

= Support vector machines & kernel methods

= Graphical models

= Statistical relational learning

= Collective classification and structured outputs
= Personalized assistants that learn

= Learning in robotics and vision

= 2010s:

= Deep learning systems

= Transfer learning

= Learning for big data

« Multi-task & lifelong learning

= Attention Models

= Federated Learning

= NAS and Knowledge distillation

= Applications to vision, speech, social networks, learning to read, etc.

Dr. A. Fathi, Machine Learning
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Machine Learning
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Applied
Maths
Psychology -
Physiology *optimization Applications

linear algebra

Ex: convex opti
*biology of learning
*inspiring paradigms

*Ex: neural networks

C

S
* new challenges ~

® Ex:ad placement /
Machine 7\

Learning )
Computer ealgorithm design *estimation techniques -
Science edata structure stheoretical framework Statistics
*complexity analysis *optimality, efficiency
eEx: kd tree *Ex: learning theory
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Types of Machine Learning

= Supervised (inductive) learning
= Given: training data + desired outputs (labels)

Razi University

= Unsupervised learning
= Given: training data (without desired outputs)

= Semi-supervised learning
= — Given: training data + a few desired outputs

= Reinforcement learning
= Rewards from sequence of actions
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= Given (xl, y1), (xz, )’2); ery (xn; yn)
= Learn a function f(x) to predict y given x
= yis real-valued == regression

Linear

> 1Va

(1,000,000 sq km)

o
3 - Nonlinear

September Arctic Sea Ice Extent

0~ 1 T 1 1 1

1970 1980 1990 2000 2010 2020
Year
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Supervised Learning: Classification

u Given (xl' yl)' (xz, yZ)' ety (xn' yn)
= Learn a function f(x) to predict y given x

Razi University

= y is categorical == classification
= X can be:
single-dimensional / multi-dimensional a
.
Breast C Mali Beni »
N reast Cancer (Malignant / Benign) /
1(Malignant) == ® o ® 00 A /\\
O(Benign) +—@-00—0——0—© = \)
Tumor Size Age

Predict Benign | Predict Malignant

Tumor Size

Tumor Size

= Each dimension corresponds to an attribute
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Unsupervised Learning

= Given x4, x5, ..., x, (without labels)

= Output hidden structure behind the x's
= — E.g., clustering

Razi University

A A
% %
OO @ .. ¢ (
5 il {
@ [ o C L ® .
%, oo % oo ~~
Social network analysis Genomics application: group individuals by genetic similarity /\ \

Genes

Market segmentation Astronomical data analysis

T W NN NI WO T T 1 TR
I A AT T TR W

Individuals

Dr. A. Fathi, Machine Learning



Reinforcement Learning
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= Given a sequence of states and actions with
(delayed) rewards, output a policy

= Policy is a mapping from states — actions that tells you what to do
In a given state

= Examples: ...[ — a
= Credit assignment problem - J ~
= Game playing state | | [WaIC acton )
= Robot in a maze o f\\

Sei ' —
= Balance a pole on your hand < Environment ] )
fevre N Tes2/0 N\ T3/
S5¢ d t+1 b t+2 ® t+3)5
G; Uat +1 \_/ ) t+3
Agent observes state at step 1:s, gets resulting reward : 7,
produces action at step 7 : ¢, and resulting next state :s,_,
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Designing a Learning System

= Choose the training experience

= Choose exactly what is to be learned
= i.e. the farget function

= Choose how to represent the target function
= Choose a learning algorithm to infer the target

Razi University

function from the experience

> 1Va

= ML algorithm components:
= Representation
= Optimization
= Evaluation

Learner

Training data

Environment/
Experience

Testing data

L J

Knowledge

Performance
Element
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ML algorithm components
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= Representation = Optimization = Evaluation

= Numerical functions =« Gradient descent = Accuracy
Linear regression Perceptron = Precision & recall
Neural networks Backpropagation = Squared error
Support vector machines = Dynamic Programming . Likelihood

s Syml?o-llc functions HMM Learni_ng . Posterior
Decision trees PCFG Learning probability .
Rules in propositional logic = Divide and Conquer ore ~

. : i = Cost / Utility ~
Rules in first-order predicate logic Decision tree induction ) /
] ) = Margin

=« Instance-based functions Rule learning Ent \
Nearest-neighbor = Evolutionary Computation " n ro_py
Case-based Genetic Algorithms (GAs) " K-L divergence

= Probabilistic Graphical Models Genetic Programming (GP) * €tC... <)
Naive Bayes Neuro-evolution

Bayesian networks

Hidden-Markov Models (HMMs)

Probabilistic Context Free Grammars (PCFGs)
Markov networks
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Machine Learning Applications
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Problem

Input

Output

Speech recognition

Speech waveforms

Spoken words,
speaker identity

Non-destructive
testing

Ultrasound, eddy
current, acoustic
emission waveforms

Presence/absence of
flaw, type of flaw

"

Detection and
diagnosis of disease

EKG, EEG waveforms

Types of cardiac =
conditions, classes of

brain conditions g

Natural resource
identification

Multispectral images

Terrain forms, /
vegetation cover

Aerial reconnaissance

Visual, infrared, radar
images

Tanks, airfields

Character recognition
(page readers, zip
code, license plate)

scanned image

Alphanumeric
characters
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Machine Learning Applications

Razi Univer

sity

Problem

Input

Output

Identification and
counting of cells

Slides of blood samples,
micro-sections of tissues

Type of cells

Inspection (PC

Scanned image (visible,

Acceptable/unaccepta

boards, IC masks, infrared) ble 4
textiles) W
Manufacturing 3-D images (structured Identify objects,

light, laser, stereo)

pose, assembly ]

identification

Web search Key words specified by a | Text relevant to the f
user user
Fingerprint Input image from Owner of the h

fingerprint sensors

fingerprint,
fingerprint classes

Online handwriting
retrieval

Query word written by a
user

Occurrence of the

word in the database
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Machine Learning Applications
= Digit Recognition

= Machine printed

= Handwritten

Constrained
Unconstrained

Razi University

O\ /LD |Y
o |72 |4
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Learning from Human Drivers
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Machine Learning Applications

m Machine Learning in Vision Practice
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Vision System Design,
Nov 2009

‘ ey, s
FIGURE 2. Single <o
Technology, use 3 geomelrc patiorn:

Of CRCkies amd then stack tham i 1he 3pee 2

PR TR s S

this coioe packng system from Eosch Peckaging FIGURE 3. To automate the process of orange picking, Vision Robotics has proposed the
e et Do ¢ Bass aced farnelan ¢ :
g Sgorihm 10 determing tiv shape and kecatio development of a stereo camera-based system that will use multiple cameras placed at the

< Lt e, nitl 1 1 1 1
sacton of the ray end of multiaxis arms to create a virtual 3-D image of the entire orange tree.

New Technology in User Interaction

Some consumer electronics companies are planning to release devices that will recognize a person’s 3
movements in real time, allowing them to control devices with gestures alone. Here is how the system from
one company, Canesta, works: .

LIGHT SOURCE - SENSOR
Infrared light shines on the user, Canesta uses a camera attached
some of which is reflected to a to a computer chip to detect

sensor. This is similar to sonar, but
with light instead of sound.

differences in the distance the light NY T| mes, Ja n 1 2, 20 1 0

travels. The result is an accurate
three-dimensional map of a
person’s location.

sevee Kinect for

The person's motions can be

interpreted by a device to perform

tasks. For example, a hand wave X b 3 6 O
could be used to close an OX

application or move to the next page

of a document.

PERSON

Users do not have to wear
special clothing or hold
any device, like a
television remote or a
game controller, only
move their body.
Canesta's system works in
varying light conditions.

Source: Canesta THE NEW YORK TIMES.
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= Automatically detect and read the Ilcense plates on cars
= Electronic toll collection NN 3, B
« Pay-per-use roads
« Homeland security & border control
= Finding stolen cars, unpaid tickets
=« Automatic reporting of traffic violations

a
J.1 -

!I‘ Nae ’ MBL4304

/.

= |

= Modules: (i) acquisition, (ii) enhancement, (iii) segmentation, character recognition
= Should work in real time

Dr. A. Fathi, Machine Learning




Machine Learning Applications
= Deep Belief Net on Face Images
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LD el T V8

Label Y. Vi soe Vv,

object models

object parts
(combination
of edges)

N/

Input Image~,

2
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= Learning can be viewed as using direct or indirect
experience to approximate a chosen target function.

= Function approximation can be viewed as a search
through a space of hypotheses (representations of
functions) for one that best fits a set of training -

data. /
a
= Different learning methods assume different <

hypothesis spaces (representation languages)
and/or employ different search techniques.

Dr. A. Fathi, Machine Learning
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Linear Algebra

Linear Algebra has become as basic and as applicable
as calculus, and fortunately it is easier.
--Gilbert Strang, MIT

Dr. A. Fathi, Machine Learning



N u merica I Data Razi University

= Scalar is a quantity (variable), described by a single number. e.g. 24, -9.5,...

a
= Vector is a directed line segment in N-dimensional. 7 = |b rows
¢ columns [al 1 a’lZ ]
= Matrix is a set of elements, organized into rows and columns A1 A2l
[ X1 | .

e.g. Intensity of
each digital

Scalar Pixel Value

Vector= : /
11 x12 x13]

Matrix=\ x21 x22 x23
_x31 x32 X33

Dr. A. Fathi, Machine Learning



Vectors Operations

= Parallel Vectors: direction is same but length may vary

Razi University

—

= Vector Addition: a+b=(xy,x)+ (y,v,) = (xy +y1, %5 + ¥2)

= Vector Subtraction: d — E = (xq,%2) — (Y1, ¥2) = (X1 — Y1, X2 — V)

(

= Scalar Product: a.v = a.(xq,x,) = (a.xq,a.x,); ais Scalgj\

\
¢

||||||||||

L2 .4 6 8 10

()
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Vectors Operations
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1
Transpose of a Vector H =1 5 7]

Us
Dot/Inner Product v. u=v"u=[vi v2 V3] \HZI = VU HV U T U3U3

= The inner product is a SCALAR! us (
The length is the dot product of a vector with itself [[¥]|?=v370

+ A vector s called unit vector if [|7]] = 1. P

« To make any vector 1, a unit vector divide with it’s length, i.e. ” i\
The dot product is also related to the angle between the two vectoU

5. = 1Bl cos§ = cosp = 2L o,
« If band are perpendicular to each other then 3. =0 U
cos9p =L =P i=0 1

IV IIIIHII g
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Vectors Operations

= Outer product of two vectors is a matrix.
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aq -a1 by a;b, aqbs -
az||by by bs]=|aby ayb, aybs
as azb; azb, azbs
= Linear Independence: Simple matrix multiplication of vectors C

« Different direction vectors are independent.

« Parallel vectors are dependent

dependent

= Basis (or axes): frame of reference

[g]zz- [(1)] + 3. l[ﬂ, I_69]=—9. [(1)] + 6. m — {[é] , [2]} IS a set of represe.ijFative for R?

Basis

= Ortho-Normal Bases: orthogonal + normal / \

= Orthogonal: dot product is zero
= Normal: magnitude is one

Y\

\\

\_\

-
A

Vs

>
Dr. A. Fathi, Machine Learning
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Vectors Operations

C ross P rOd u Ct Razi University

1 The cross product of vectors d and b is a vector ¢
which is perpendicular to d and b

= The magnitude of ¢ is proportional to the sin of
the angle between d and b -

= The direction of ¢ follows the right hand rule if we -
are working in a right-handed coordinate system P

1A X B|| = ||A|l [|B| sin6 A
2 3 _J
Example: a:H; E=[2‘
5 7
. [ J k
axb=|2 1 5/=i(7-10)—j(14+ 15) + k(4 + 3)
-3 2 7

= —3i—29j + 7k

Dr. A. Fathi, Machine Learning



Vectors Operations

Projection: Using Inner Products

Razi University

Projection of x along the direction o

0 a.e
c0s90Y =——=
: lallllell
Light Source N
> a.e=0
>a(xX—-p)=0 -
>a(x—-td)=0 _—
X S 5 S s>dx—taa=0 ‘
e=XxX—p /%
,,,,,,,,,, =>t= a

=
||
("'-1.
Qu

Projection Matri
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Matrix Operations

= Addition, Subtraction, Multiplication: creating new matrices
(or functions)
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X+Y a bl fe f) ja~e b-l Just subtract el t
+Y= — —
¢ d| |g h| |c-g d-h ust subtract elements
(a b] [e f] [a+e b+f] -
X-v= i - Just add elements .
c d| |g h]| |c+g d+h ~
ey W
XY= a bje f — ae+ bg af +bh Multiply each row by f\
 C d_ g h ce+dg cf +dh each column |

Note: Matrix multiplication is possible only when number of columns of first)
matrix is equal to number of rows of second one.

Is XY = YX? Maybe, but maybe not! multiplication is NOT commutative!
a bje f| |ae+bg .. e fla b| |ea+fc ..
c dilg h| | .. .. g hijc d| | .. ..

Dr. A. Fathi, Machine Learning



Matrix Operations
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= Transpose of a matrix A is formed by turning all the
rows of a given matrix into columns and vice-versa.
2 3]7" _[2 4]
4 5 3 5
2 3 6 -
= matrix A is called Symmetricif A = A7 [3 10 22} A
6 22 51
= Matrix Operation on vectors is like a function that)

transforms the vectors on a plane a

= Matrix operating on a general point => transforms x and Y)
components

= System of linear equations: matrix is just the bunch of

coefficients !
a bl x|_| x| x'=ax+b.y
c d ) 4 y' VI = CX + d-y

Dr. A. Fathi, Machine Learning




Matrix Operations

= Linear Transformation

Vi =0a91X1 + QqXp + -+ A1 Xy (V1]

= Ay1X1 T AypXy + -+ AypX Y2
y=Ax=>y2 21X1 2.?,2 2n¥n - |V

Va = Ag1X1 + AgaXp + -+ AQgpXy V.

= Rotation Matrix:

cos@ —sin@ [I'] __[cas B
— = il — ;
R(6) [sin & cos@ ] Vv [5111 o

= Scaling Matrix:

’
r 0

-all alz aln_ -xl-

_ a21 azz aZn x2
Ag1 Qg2 ... Qgnl X4l
—sin 6 [-’f] lx] [x] /
|I-' r
cosg 1yl /™ |

1

(ai s
aF

Scaling Matrix = [ 0

= Translation

P’=[;]+[§;I=P+t

Dr. A. Fathi, Machine Learning
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Matrix Operations

- Shear is a transformation in which all points along a
given line L remain fixed while other points are
shifted parallel to L by a distance proportional to

Razi University

their perpendicular distance from L.

Y

Horizontal Shear: A

=l T6I="]

Vertical Shear:

x'1 11 011%1 _ X
[y’] ~Im 1] [y] B [mx + y] %
H A\ = V/4 - O X X
Identity ("do nothing”) matrix 0 _
= unit scaling, no rotation! AI=1A=A X 32’ = 32’

0O O
Dr. A. Fathi, Machine Learning
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Matrix Operations

= Inverse exists only for square matrices that are non-

Razi University

1 0 O
singular: AA1l =1 [ = lo 1 o‘
0 0 1
= Inversion is tricky: (ABC)! = C-1B-1A-!
=« Derived from non-commutativity property

= Determinant used for inversion
« If det(A)=0, then A has no inversion

> 1Va

A= [Z’ 2 det(4) = ad — bc

= Trace = sum of diagonal elements (a+d)

= sum of eigenvalues

Dr. A. Fathi, Machine Learning



Matrix Operations

Eigenvalues & Eigenvectors

Razi University

= Eigenvectors (for a square mxm matrix S)

Sv = Av
(right) eigenvector  eigenvalue
veR™ # 0 AeR
1 51—7) A

\m

Dr. A. Fathi, Machine Learning
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Matrix Operations

Computation of Eigenvalues

Razi University
ST=A% = (S—A)DB=0

First find the eigenvalues 1 and substitute A in the above equation to obtain
eigenvectors

é
For eigenvalues solve,det(S — Al) =0 ~
W 4
Example: _ “
a=> a—ar=["% 1] '\
-6 5—41 |
—A _
2 (I ) —A(5 = )+6=(1 — 2)(1 - 3)

Eigenvalues are 2,3

Dr. A. Fathi, Machine Learning



Matrix Operations

Computation of Eigenvectors
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(S—ADv=0
T A | N S A A

—2v1+v, =0
= —6v, +3v, = 0 Both are same

OV

:>2U1:U2:>U1:t, U2:2t,t>0

N t1. .
AV — [ ] 1S a elgenvector
2t 5

Dr. A. Fathi, Machine Learning



Matrix Operations

Computation of Eigenvectors

Razi University

1=3: [6 5 — ,1” ] [0] —612_1/14151(;-52/1)12:0

N —3v1+v, =0
—6v, +2v, =0

OV

:>3U1:U2:>U1:t, U2:3t,t>0

S t]. :
LU= [3t] is another eigenvector

Dr. A. Fathi, Machine Learning



Matrix Operations

Singular Value Decomposition(SVD) Bl

= Handy mathematical technique that has application

to many problems
= Given any mxn matrix A, algorithm to find matrices U,

V and W such that

— T
- Amxn T UmXTlWTLXTLVTLXTL

U and V are orthonormal

> 1Va

W is nxnand diagonal
( \ (

w, 0 0 !
A |=f u o . 0of Vv
0 0 w

\ J \
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Matrix Operations
Singular Value Decomposition (SVD)

= The columns of U are orthonormal eigenvectors of AAT
= The columns of V are orthonormal eigenvectors of ATA

= W is a diagonal matrix containing the square roots of
eigenvalues from U or V in descending order.

= The w;are called the singular/eigen values of A
= If A is singular, some of the w;will be 0
= In general rank(A) = number of nonzero w;

Razi University
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= SVD is mostly unique.
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Statistical Measures

= Center of data

Razi University

= Mean
= Median
= Variation of data é
= Range 3
= Quartiles /
= Variance ﬁ\
)

= Standard Deviation
= Covariance
= Correlation

Dr. A. Fathi, Machine Learning



Center of Data

Razi University

= Mean or Average or Expectation is traditional

measure of center

= Sum of the values and divide by the number of values:
n

1 12
E - S - _[_ - —l—"'-l—_) — _).
(x) n(xl xz xn) TL, 1x1
1=

=1

= Median is a resistant measure of the data’s center
= If nis odd, the median is the middle ordered value
= If nis even, the median is the average of the two middle
ordered values
= Computation of mean is easier. = Mean is prone to noise.

K

= Ingeneral: E@) = (01 %y + Doy + - + ppity) = Zpifs /
-\

<

= Finding median in higher dimension is much complex.

= The mean and median of data from a symmetric distribution are close together.

Dr. A. Fathi, Machine Learning



Spread or Variability of Data

= If all values are the same, then they all equal to the
mean. There is no variability.
= Eg:2,2,2,2,2,2; mean = 2

= Variability exists when some values are different from/

(above or below) the mean. T
. Eg: 10, 15,-20,-22,30, 22 W 4
A
= We will discuss the following measures of spread: <
= range,
= quartiles,
= variance,

= and standard deviation

Dr. A. Fathi, Machine Learning
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= One way to measure spread is to give the smallest
(minimum) and the largest (maximum) values in the
dataset;

Range = max — min

« Eg: 10,-2,-7,22,0,11; Range = 22-(-7)=28

> 1Va

= The range is strongly affected by outliers
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Quartiles

= Three numbers which divide the ordered data into four
equal sized groups:
= Q, has 25% of the data below it.
= Q, has 50% of the data below it. (Median)
= Q3 has 75% of the data below it.

Razi University

OV

Quartiles of Uniform
Distribution Dataset

1st Qtr Q1 2nd Qtr Q2 3rd Qtr Q3 4th Qtr
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Variance and Standard Deviation

Razi University

Variance is the average squared deviation from the mean of
a set of data. It is used to find the standard deviation.

n

0% = %Z(xi — X)*

=1

standard deviation = square root of the variance

17?,
_ _ L A2
SNV
V =1

> 1Va

= small values of this typical deviation indicate small variability in
the data

= Jarge values of this typical deviation indicate large variability in
the data
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Variance and Standard Deviation

Metabolic rates of 7 men (cal./24hr.) :
1792 1666 1362 1614 1460 1867 1439

1792+1666+1362+1614+1460+1867+1439 11,200

X = 5 =1600
Observations Deviations Squared deviations
X, X, —X (xf —X )2
1792 1792-1600 = 192 (192)2 = 36,864
1666 1666 -1600 = 66 (66)2= 4,356
1362 1362 -1600 = -238 (-238)2 = 56,644
1614 1614 -1600 = 14 (14)2 = 196
1460 1460 -1600 = -140 (-140)2 = 19,600
1867 1867 —-1600 = 267 (267)2= 71,289
1439 1439 -1600 = -161 (-161)2 = 25,921

sum = 0

sum = 214,870

Razi University

> 1Va

, 214,870
7

o =+/30695.71 =175.20

o =30695.71
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Variance (2D)

1t *

2

4

6

8
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Variance (2D)

2,

1,

*

&
OO 2

*

ol O - BN
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Variance (2D)

7

Razi University

—=
) o
)
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3k * * *
Dk *

e *

o **3 7 -l ]
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Variance (2D)
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7
Bk * * ~
5 Y * :\
4 o /
3 * * * f \
Ok Y \)
P *

05— %% i *—h—k *
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Variance (2D)

Razi University

/
6 * *
S5 %k x Variance doesn’t epr/Qr
relationship between vb)ﬁ;
<8 y | |
* ok * A
x ok <
L *
. OFFFF%# *
\ J
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Covariance

Razi University

Variance(x)= % (= x)*

=37 (4 =KX %)

C

1 \/

Covariance(x,y) = ~ ;=1 (x; = X)(y; — ¥) 7\
\)

% Covariance(x, x) = var(x)

% Covariance(x,y) = Covariance(y, x)
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Covariance

Razi University

1

Covariance(x,y) = =X (x; — X)(y; — ¥)

n

Positive

> 1Va

Relation
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Covariance

Razi University

Negative
Relation

> 1Va
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Covariance

No
Relation g

NV
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Covariance Matrix

cov(xq,x1) cov(xy,Xy)
Cov (T) = Cov(fz;xl) COV({Z;XZ)

cov(x,,x1) cov(x,, Xp)

> Diagonal elements are variances, i.e. Cov(x, x)=var(X
» Covariance Matrix is symmetric.

> It is a positive semi-definite matrix.
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Diagonal covariance matrix

= |f all the variables are independent from each other,

= The covariance matrix will be an diagonal one.

= Reverse is also true:

= |f the covariance matrix is a diagonal one they are independent

Razi University

O 1 0 J
2 Diagonal matrix: m matrix where off-diagonal terms are zero
0 o% 7\

Gi? = E[(Xi _:Ui)(xj _,uj)] =0
| # |
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Correlation

Razi University

6
: 4 4
4 . : .
2 e : 2
PR A
" R -0 -
Q;&}J:,,\"- .
? R :;‘?:' 2 2
- g 0* ’ .
4 - . i
6 .
-6 4 2 0 2 4 Y 2 2 3 " s 8 6 4 2 0 2 4 3 K
X X \
- - - L - - ‘\\\
Positive relation Negative relation No relation ~

- Covariance determines whether relation is positive or negative, bﬁ
it was impossible to measure the degree to which the variables ar e\
related. )

« Correlation is another way to determine how two variables are
related.

« In addition to whether variables are positively or negatively
related, correlation also tells the degree to which the variables are
related each other.
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Correlation

Razi University

cov(x,y)
Jvar(x)/var(y).

Pxy = Correlation (x,y) =

—1 < Correlation(x,y) < +1

Fe:rfecl H'Lgh Low ow ] {Lj;llfl F"cl_‘_f"cut'
Positive Positive Positive No Negative Negative Negative
Correlation Correlation Correlation Correlation Correlation Correlation Correlation

& L
=$“
o i e
o
1 0.8 0.3 0 -0.3 -0.8 -1
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Idea of Probability

~ Probability is the science of chance

behavior.

» Chance behavior Is unpredictable in the C

short run but has a regular and /
predictable pattern in the long run. 6\
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Randomness & Random

Experiment

Razi University

+ Random: individual outcomes are uncertain.

- But there is a regular distribution of outcomes in a large
number of repetitions.

+ If an experiment has n possible outcomes [all equally likely to

occur]. K

« A random experimentis an action or process that leads to one.
of several possible outcomes. For example:

Experiment Outcomes £ \
Flip a coin Heads, Tails <
Selecting a color ball Green, red, blue
Rolling a die 1,2,3,4,5,6
Picking a card from a deck 52 cards
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Relative-Frequency

P ro ba b i I iti es Razi:i:\i\:ersity

+» Relative frequency (proportion of occurrences) of

an outcome settles down to one value over the

long run. That one value is then defined to be the

probability of that outcome.

» Can be determined (or checked) by observing a

long series of independent trials (empirical data)

> 1Va

> experience with many samples

> simulation
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Probability Models

= The sample space S of a random phenomenon is

Razi University

the set of all possible outcomes.

= An event is an outcome or a set of outcomes

(subset of the sample space).

= A probability model is a mathematical description

> 1Va

of long-run regularity consisting of a sample space

S and a way of assigning probabilities to events.
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What is a Probability?

Probability is the chance that some event will

Razi University

happen.

It is the ratio of the number of ways a certain -

event can occur to the number of possible

P
outcomes: |
[\
number of favorable outcomes )
P(event) = |

number of possible outcomes
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Example of Sample Space and Events

Razi University

Event 2:
Event 1: Rolling an odd
Rolling an even number={1,3,5}
number={2,4,6}

Sample Space
={1,2,3,4,5,6}

> 1Va

Event 3:
Rolling a prime
number={2,3,5}
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Probability Model for Two Dice

Razi University

Random phenomenon: roll pair of fair dice.

Sample space:

> 1Va

Event: rolling even numbers on both dice
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Probability of Simple Events

Example 1: Roll a dice.

What is the probability of rolling a4?

number of favorable outcomes

P(event) = ,
( ) number of possible outcomes

P(rolling a 4) = %

The probability of rolling a4is 1 outof 6
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Probability of Simple Events

Razi University

Example 2: Roll a dice.

What is the probability of rolling an even
number?

# favorable outcomes __ 3 1
P(even #) = #possible outcomes 6 2

The probability of rolling an even number
is 3 out of 6.

o0
S
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Probability of Simple Events

Example 3: Roll a dice.

Random phenomenon: roll pair of fair dice and
count the number of pips on the up-faces.

é
Find the probability of rolling a 5. j
P(roll a 5) = P(EIE)+P(EE)+P(FIR)+PEE) /!
- 136 + 136 + 136 + 136

= 4/36

= 0.111
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Example 4: Guided Practice
Calculate the probability of each independent event.

1) P(black) =1/2
2)P(1)=1/8

3) P(odd) =1/2

4) P(prime) = 1/2

5) P(even) =1/2

6) P(not black) =1/2
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Probability of Simple Events
Real World Example:

A computer company manufactures 2,500 computers each day. An
average of 100 of these computers are returned with defects. What is
the probability that the computer you purchased is not defective? /

D
# favorable outcomes B 2400 B 24 A\
#possible outcomes 2500 25

P(not defective) =
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Complementary Events

Razi University

** The complement of an event E is the set of all
outcomes in a sample space that are not included in

event E.

_ é
% The complement of an event E is denoted by E'or E B
o
Properties of Probability: 0<P(E)<1 ~
P(E)+P(E) =1 <)

°(E)=1-P(E)

°(E) =1-P(E)
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Complementary Events

+ Example |: A sequence of 5 bits is randomly generated.
What is the probability that at least one of these bits is

Razi University

zero?

» Solution: There are 2° = 32 possible outcomes of
generating such a sequence. a
Define event E as at least one of the bits is zeros ~
Then event E, “none of the bits is zero”, includes only |

one a
of these outcomes, namely the sequence 11111. _J

Therefore, p(E) = 1/32.
Now p(E) can easily be computed as
p(E)=1-p(E)=1-1/32=31/32.
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Probability Theory

C

-\

= Joint Probability =Conditional Probability =
p(X:x%Y:yj):% p(Y:yj|X:g;i):%

N e
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~

g

sProduct Rule

L '
— ZP(X:'T"??»YZ:UJ) \\\
J=1 /

= Sum Rule

= Product Rule

p(X) = Zp(Xv Y)
Y

p(X,Y) = p(Y|X)p(X)
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Razi University

“ If events A and B are independent, then the
probability of two events, A and B occurring in a
sequence (or simultaneously) is:

L)

P(ANB)=P(A)x P(B) <

% This rule can extend to any number of independe\ht)
events. 7\
)

% Two events are independent if the occurrence of the
first event does not affect the probability of the
occurrence of the second event.

)
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Mutually Exclusive

Razi University

Two events A and B are mutually exclusive if and only
if:

P(AnB)=0
In a Venn diagram this means that event A is disjoint from event B.~\“\\
A B A B a
OC
A and B are M.E. A and B are not M.E.
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The Addition Rule

Razi University

< The probability that at least one of the events A
or B will occur, P(A or B), is given by:

P(A U B) = P(A)+ P(B) — P(A B)

% If events A and B are mutually exclusive, then
the addition rule is simplified to:

> 1Va

P(AU B)=P(A)+ P(B)

< This simplified rule can be extended to any
number of mutually exclusive events.
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Conditional Probability

The probability that both event A and event B occur is given by

Razi University

P(A and B) = P(A|B) x P(B)
We often use this in the form

P(al B) = AT E) C
o

In words, this is “the probability of event A given that B has,” |
occurred, equals the probability of both A and B occurring d
divided by the probability of B". |

Reminder

P(A and B) can also be written as P(A N B)
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Bayes’' Theorem

Razi University

o(4e)- "8
P(B|A)P(A) C

PR S oan i) S5
A

» The important consequence of Bayes’ Theorem is that D
it relates inverse probabilities: P(A|B) andP(B|A)

» posterior « likelihood x prior
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Random Variables

+ A random variable is a variable whose value is a

Razi University

numerical outcome of a random experiment

=« often denoted with capital alphabetic symbols (X, Y, etc.)

K

= a normal random variable may be denoted as X~ N(y, o) -~
o
» The probability distribution of a random variable X tel(s\

us what values X can take and how to assign

probabilities to those values
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Discrete Random Variables

= Random variables that have a finite (countable) list of
possible outcomes, with probabilities assigned to each
of these outcomes, are called discrete

= Discrete random variables
= nhumerical day of the month (1, 2, ..., 31)
= the total number of tails you get if you flip 100 coins

(
= Important discrete distributions in epidemiology /
= Binomial f\

<)

Yes/no outcomes (dead/alive, treated/untreated, smoker/non-

smoker, sick/well, etc.)

= Poisson

Counts (e.g., how many cases of disease in a given area)
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Continuous Random Variables

Razi University

= Random variables that can take on any value in an
interval, with probabilities given as areas under a
density curve, are called continuous.
= weight
= Temperature é

- The probability function that accompanies a continuous randofﬁf
variable is a continuous mathematical function that integrates to
1 a

. The probabilities associated with continuous functions are juST)

areas under the curve (integrals!).

- Probabilities are given for a range of values, rather than a

particular.
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Probability Distribution Function (PDF) kx4

Cumulative Distribution Function (CDF)

Razi University

variable pdf CDF 513 ]g :Pj(x)

X pP(x) P(x=A) a8 T
1 px=1)=1/6  P(x<1)=1/6 13
2 px=2)=1/6  P(x<2)=2/6 123456 x
3 p(x=3)=1/6  P(x<3)=3/6 é
4 pix=4)=1/6  P(xs4)= 4/6 ) Ep(x) =1 -
5 p(x=5)=1/6 P(x<5)=5/6 16— H H H H H H /
6 px=6)=1/6  P(x<6) = 6/6 123456 X/ |

1. What's the probability that you roll a 3 or less? <
P(x=3)=1/2

2. What's the probability that you roll a 5 or higher?
P(x=5)=1- P(x=4)=1-2/3=1/3
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Probability Density Function (PDF) &

Cumulative Density Function (CDF)

For example, the negative exponential function (in probability,
this is called an “"exponential distribution”): '

| peo=e
p(x) =™ k

Razi University

»

- The probability that x is any exact particular value (such as 1.9) is
0; we can only assign probabilities to possible ranges of x. @
example, the probability of x falling within 1 to 2:

7\
p(x)=eX 2 ;‘
1 2
\ P(1<x<2)= j eX=—g* | =—e?__et=_135+.368=.23 |
— / 1
L X
1 2

—X
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Uniform Density

= The uniform distribution: all values are equally likely

Razi University

1 p(x)
= The uniform distribution: L
f(x)=1, for 1> x>0 . ¥
1 é
= We can see it’s a probability . 1 D
distribution because it integrates 1=¥X =1-0=1 7\
to 1 (the area under the curve is 1): 0 )
= What's the probability that xis between 2 and V2?
4 p(x
. p(x)
. X P(1/4<x<1/2)=1/4
Yol 1
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f(X) =

Note constants:

/

1=3.14159
e=2.71828

This is a bell shaped curve
with different centers and

spreads depending on u and ¢

A
)
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Normal (Gaussian) Distribution

= It's a probability function, so no matter what the
values of u and 5, must integrate to 1!

Razi University

=
= Normal distribution is bell shaped, and symmetrical
around mean.
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= The expected value (also called the mean) E(X) (or u) can
be any number

= The standard deviation o can be any nonnegative number

= The total area under every normal curveis 1

= There are infinitely many normal distributions (
)
y,

TN
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= Univariate N(y, 02): px) =

\/_0

= Multivariate N(y, 2):

p(x) =

1
V2| Z|

exp[—%(x—ule(x—u)j

with the mean x and the covariance matrix

2
03

Oy

Oy

O,

2
O,

O,

Oy

Oy

2

(7|_

where o” = E[(x. — )] and
o =0 = E[(X — 16)(X; — ;)]
= Central limit theorem:

Letz=>" x,then ==

S N (0,1) when n — o

irrespecti ve of the pdfsof x;'s.
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http://upload.wikimedia.org/wikipedia/commons/7/74/Normal_Distribution_PDF.svg
http://upload.wikimedia.org/wikipedia/commons/c/ca/Normal_Distribution_CDF.svg
http://upload.wikimedia.org/wikipedia/commons/8/8c/Standard_deviation_diagram.svg

4

The pdf of the multivariate will be: Covariance matrix.

T

)

T |
1 L {xy — iy a2 0 T — |
ol(r: 1. Y) = N 1 1 1
B ()/215% 0 ”Np( 9[;?2—#*2] [U 3] w2 —pe |

n 9
0 o3 !

Determinant 1 1Tz — 1P 1 O [ —
— oxp | —= 1 H1 o5 1 H1
2m(0? - 03 —0-0)1/2 2 |2 — jo 0 ;13 T — 2
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Gaussian Intuitions: Size of X

Razi University

[0 0]
0.6l

=
ll

2

Il
M
Il

Identity matrix

As X becomes larger,
Gaussian becomes more spread out
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0 1 |’ 05 1 |° ~=1]o08 1

As the off-diagonal entries increase, more correlation
between value of x and value of y
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Gaussian Intuitions: off-diagonal a

diagonal

| | | 1

=18 4 m- { =t

=] ol I 1 I 1 I L1 By 1 I 1 I 1 11 By
= m 1] 1 2 3 m 53 m o 1 z 3 o

-

1 -0.5 1 -0.8 3 087"
Z[_0.5 1 ] E[_o.s 1 ] 'Elo.s 1 ]J

= Decreasing non-diagonal entries (#1-2)
= Increasing variance of one dimension in diagonal (#3)
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Other Continuous Distributions

= Chi-square (X?)distribution of k degrees of freedom:

distribution of a sum of squares of & independent standard
normal random variables, that is, x* =X +x; +---+x; where x, = N(0,1)

— k/2-1~—-Vy/2
p(y) = 7T (K12) vV 25tep(y), C
where I'(z) = ftz‘le‘tdt \/
= Mean: k, Variance: 2k ~
= Assume X~ x*(k) )

= Then (x—k)/+/2k ~N(0,1) ask — oo by central limit theorem.

= Alsov/2x is approximately normally distributed with mean v2k-1 and
unit variance.
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http://upload.wikimedia.org/wikipedia/commons/2/21/Chi-square_distributionPDF.png

Other Continuous Distributions

= t-distribution: estimating mean of a normal distribution when
sample size is small.
A t-distributed variable o=x/+z/k where x~N(0L)and z~ z°(k)

o@Dk, d? - N A =
JrKT(k/2)
Mean: O for k > 1,

variance: k/(k 2) fork > 2

blnomlal dlstrlbutlon after a—1 events W|th pand B—1 with 1-p.

_ F(a+,8) p i —
P0)=Far(p ¢ NN

. 1 a1  y\B-1 .|

~ Bl 2 X“(1-X)
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Discrete Distributions

Razi University

= Binomial distribution B(n,p):

Repeatedly grab n balls, each with a probability p of getting a
black ball. The probability of getting k black balls:

P(K) = @ p*(1- p)"* a
= Poisson distribution \/
probability of # of events occurring in a fixed period of time A\
if these events occur with a known average. )
| - /lke—/l _ ‘
P(k; 1) = -

When n — oo and np remains constant,
B(n, p) — Poisson(np)

PP . PSR G-

.00 ‘ 5 10 15 20
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http://upload.wikimedia.org/wikipedia/commons/c/c1/Poisson_distribution_PMF.png
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C
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)
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Learning Theory

Why Machine Learning Works?



Computational learning theory

= Inductive learning:

= given the training set, a learning algorithm generates
a hypothesis.

Razi University

= Run hypothesis on the test set. The results say C
something about how good our hypothesis is. \/

= But how much do the results really tell you? Can we be |
certain about how the learning algorithm generalizes?

= We would have to see all the examples.

Insight: introduce probabilities to measure degree of certainty
and correctness (Valiant 1984).
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Computational learning theory

Razi University

Example:

We want to use height to distinguish men and women
drawing people from the same distribution for training
and testing.

C

We can never be absolutely certain that we have |

learned correctly our target (hidden) concept function/

(E.g., there is a non-zero chance that, so far, we have/ |

only seen a sequence of bad examples) »
= E.g., relatively tall women and relatively short men...

We'll see that it’s generally highly unlikely to see a
long series of bad examples!
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Computational Learning Theory

= Computational Learning Theory studies the tradeoffs
between the expressiveness of the hypothesis
language and the complexity of learning

= Entire subfield devoted to the mathematical analysis of
machine learning algorithms

Razi University

= Theory can serve two roles:

= It can justify and help understand why common practice
works. (Theory After)

= It can also serve to suggest new algorithms and approaches
that turn out to work well in practice. (Theory Before)

> 1Va

Often, it turns out to be a mix!
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The Role of Theory

Practitioners discover something that works
surprisingly well.

Razi University

Theorists figure out why it works and prove something
about it.
= In the process, they make it better or find new algorithms.

)

o
Theory can also help you understand what’s possible A }\
and what’s not possible. -
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Learning and Inference

= The inductive inference process:
= 1. Observe a phenomenon
= 2. Construct a model of the phenomenon
= 3. Make predictions

Razi University

é

= This is more or less the definition of natural sciences 'j
= The goal of Machine Learning is to automate this A ;‘\
process W

= The goal of Learning Theory is to formalize it.
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Learning and Inference

= We consider here the supervised learning framework
for pattern recognition:
= Data consists of pairs (instance, label)
= Labelis +1or -1

= Algorithm constructs a function (instance — label) é

= Goal: make few mistakes on future unseen instances ~_

1.5 ) T = )

= It is always possible to build a o \

function that fits exactly the .
data.

0.5

= Butis it reasonable? :

Dr. A. Fathi, Machine Learning
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Learning and Inference

= Also if we want to fit a polynomial machine f(x,w)

= Instead of fixing polynomial degree, make it
parameter d

= learning machine f(x,w,d) y

Razi University

A
= Consider just three choices for d

= degree 1
= degree 2

. NV

= Training error is a bad measure to choose d

= degree 3 is the best according to the training error, but
overfits the data
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Learning and Inference

= What about Validation/Test error? Seems appropriate
= degree 2 is the best model according to the validation error

Razi University

A A A
o % —
R
o) 0 N /
> b-’\\‘\
validation error: 3.3  validation error: 1.8 validation error: 3.4

= Test error should be computed on data that was not
used for training at all!
= Here used “validation” data for training, /.e. choosing model
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Learning and Inference

. B
. B
0 0 ® o
> > K
Underfitting Just Right Overfitting ~
= large training error = small training error = small training error

= large validation error = small validation error = large validation error

A

= Fixing Underfitting = Fixing Overfitting d
= getting more training = getting more training |
examples will not help examples might help
= get more features « try smaller set of features
= try more complex classifier =« try less complex classifier
if using MLP, try more hidden units If using MLP, try less hidden units

Dr. A. Fathi, Machine Learning




Learning and Inference

Occam’s Razor

= Itis always possible to build a function that fits exactly
the data.

= Butis it reasonable? /Q

= Idea: look for regularities in the observed phenomenon-

= These can be generalized from the observed past to the’
future N = |
= choose the simplest consistent model

= How to measure simplicity ?
= Physics: number of constants
= Description length
= Number of parameters

Wiilia of Occam

| | amn (C. 1288 —c. 1348)
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Learning and Inference

= These can be generalized from the observed past to the
future

Razi University

= If there is no assumption on how the past is related to the
future, prediction is impossible

= If there is no restriction on the possible phenomena,

generalization is impossible
= We need to make assumptions

C
<
/"
<)

= Simplicity is not absolute

= Data will never replace knowledge
= Generalization = data + knowledge
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Learning and Inference

= Overfitting happens because training error is a poor
estimate of generalization error

= Can we infer something about generalization error from
training error?

Razi University

é

= Overfitting happens when the learner doesn’t see ~
enough training instances .

= Can we estimate how many instances are enough? f\\

. . <)
= Learning Theory has led to several practical methods:
= PAC (probably approximately correct) learning — boosting
= VC (Vapnik—Chervonenkis) dimension — support vector machines
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Learning Theory

(PAC Learning by Valiant 1984)

Razi University

= Setup and notation:

® Features (predictive covariates): x
e [abels (outcomes): y € {0,1}

® Training data (sample): & = {(xi,yi)}i1

instance space X

ceC

® Data generating process: (X;,y;) are i.i.d. draws from a distribution D

® Prediction rules (hypotheses): h: x — {0, 1}

= Learning algorithms:

= Risk (generalization error): Probability of mis-classification on

all data: Lp(h) = E(xy)op [1(A(x) # y)]

> 1Va

= Cannot minimize the risk as D is unknown, so we can minimize
the Empirical risk: Sample analog of risk, ;.

= Learning algorithms map samples S = {(x;, y;)}_
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Learning Theory

(PAC Learning)

= Learner is given a set D of training instances {x, c(x) )
for some target conceptcin C
= Each instance x is drawn from distribution D
= Class label ¢(x) is provided for each x

= Learner outputs hypothesis # for modeling ¢ /
= The true error of hypothesis i refers to how often 7 is .

wrong on future mstances drawn from D >

errory, (h) P_, [c(x) # h(x)] 7\

stance space X <)
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Learning Theory

(PAC Learning)

= The training error of hypothesis i refers to how often % is
wrong on instances in the training set D

> 5(c(x) # h(x))
error,(h) = P._ [c(x) # h(x)] = *L

Razi University

1D |
= A hypothesis 7 is consistent with a set of training \C
examples D of target concept if and only if #(x) = ¢(x) for~
each training example {x,c(x)) inD Q)
Consistent(h,D) = (V(x,c(x)) € D) h(x) = c(x) )

= The version space VS , with respect to hypothesis
space H and training set D, is the subset of hypotheses
from H consistent with all training examples in D
VSyp ={h € H| Consistent(h,D) }
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Learning Theory N
(PAC Learning)

= To say that our learner L has learned a concept, should
we require error,(h) =07?
« This is not realistic:

Unless we’ve seen every possible instance, there may
be multiple hypotheses that are consistent with the
training set -
There is some chance our training sample will be o
unrepresentative 7\
=« Instead, we’'ll require that
The error of a learned hypothesis # is bounded by some
constant ¢

The probability of the learner failing to learn an
accurate hypothesis is bounded by a constant o
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Learning Theory

(PAC Learning)

= Probably Approximately Correct (PAC) Learning is a
formalism based on the realization that the best we
can hope of an algorithm is that

= It does a good job most of the time (probably approximately

Razi University

correct) a
= Consider a hypothetical learning algorithm -
= We have 10 different binary classification data sets. P

= For each one, it comes back with functions 11, 12, . . ., f10.

For some reason, whenever you run 74 on a test point, it crashes
your computer. For the other learned functions, their performanc&)
on test data is always at most 5% error.

If this situation is guaranteed to happen, then this hypothetical
learning algorithm is a PAC learning algorithm.
= It satisfies probably because it only failed in one out of ten cases, and

it’s approximate because it achieved low, but non-zero, error on the
remainder of the cases.
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Learning Theory
(PAC Learning)

= A class of functions is said to be PAC-learnable if there exists

an efficient learning algorithm such that for all functions in

the class, and for all probability distributions on the

function's domain, and for any values of epsilon and delta
(0< g 06 <1), using a polynomial number of examples, th

algorithm will produce a hypothesis whose error is smaller
than ¢ with probability at least 6. -

= The error of a hypothesis is the probability that it will differ /

from the target function on a random element from its domain, \
drawn according to the given probability distribution.

Definitions : An algorithm A is an (€,0)-PAC learning algorithm if, for
all distributions D: given samples from D, the probability that it returns a
“bad function” is at most 6; where a “bad” function is one with test error
rate more than € on D.
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Learning Theory

(PAC Learning)

= Basically, this means that:

= there is some way to learn efficiently a "pretty good"
approximation of the target function.

= the probability is as big as you like that the error is as small as
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you like.
(Of course, the tighter you make the bounds, the harder the learning algorithm is likely to have to wog

= Two notions of efficiency /

« Computational complexity: Prefer an algorithm that runs quickly to one tI*?L :
takes forever \

= Sample complexity: The number of examples required for your algorithm to\)
achieve its goals

Definition: An algorithm A is an efficient (€, )-PAC learning al-
gorithm if it is an (¢, 0)-PAC learning algorithm whose runtime is
polynomial in % and %.
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Learning Theory

(PAC Learning)

= Seriously wrong hypotheses can be found out almost
certainly (with high probability) using a "small”
number of examples

= Any hypothesis that is consistent with a significantly large set

of training examples is unlikely to be seriously wrong: it must/
be probably approximately correct.

Razi University

D
= How many examples are needed to guarantee 7\
correctness?

= Sample complexity (the number of examples to “guarantee” -
correctness) grows with the size of the Hypothesis space

= Stationarity assumption: Training set and test sets are drawn
from the same distribution
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Learning Theory

(PAC Learning)

= A hypothesis / is approximately correct if: error(h) <e
= Where ¢ is a given threshold, a small constant

= Goal:

= Show that after seeing a small (poly) number of examples N,
with high probability, all consistent hypotheses, will be

Razi University

approximately correct. (
= 1.e., chance of “"bad” h\“Jothesis, (high error but consistent
with examples) is small (i.e, less than §) D

= Approximately correct hypotheses
lie inside the ¢-ball around f

= Those hypotheses that are seriously H,
wrong (k,eH, ) are outside the &-ball

error(hy) = P(h,(x)#£f(x) | x drawn from D) > ¢
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Learning Theory

(PAC Learning)

= Thus the probability that the h,, (a seriously wrong
hypothesis) disagrees with one example is at least ¢
(definition of error).

= Thus the probability that the h,, (a seriously wrong
hypothesis) agrees with one example is no more than f
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(1- 9)- =
= So for N examples, P(h,,, agrees with N examples) < (1- €)N. W 4
A

= The probability that H;, , contains at least one
consistent hypothesis is bounded by the sum of the
individual probabilities.
= P(H,,, contains a consistent hypothesis) < [H, ,,4|(1- € )N < |H|(1- ¢ )N

\

H, ., agrees with one example is no more than (1-¢).
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Learning Theory

(PAC Learning)

= Goal:

Razi University

= Bound the probability of learning a bad hypothesis below some
small number é.

= P(H,,, contains a consistent hypothesis) < (|H,,4/(1- € )N < (H|(1- € )N
H|(1-£)"<6 © In|H|+NIn(l-£)<Iné Note:(1-&)<e © é
In|H|+NIn(e“)<Indo ©In|H|-eN<Ilno | N2 l(lné+ln ‘H|) \M‘

£

et

= The more accuracy (smaller ¢), and ; \
the more certainty (with smaller 5) Sample Complexity f\\
needs the more examples. )

= If the learning algorithm returns a hypothesis that is consistent
with this many examples (Sample Complexity), then with

probability at least (1-6) the learning algorithm has an error of at
most .

= And the hypothesis is Probably Approximately Correct.
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PAC analysis example:

learning conjunctions of Boolean literals

= Let x;;...; x,, be Boolean variables. A literal is
= a Boolean variable x;
= Or its negation ~x;
= The hypothesis class (concept class) H,,
= consists of conjunctions of up to n literals
= in which each variable occurs at most once

Razi University

= For example, forn=4, x;"~x,"x4 € H,
= (1; 0; O0; 1) is a positive example of this concept
= While (0; 0; 0; 1) is a negative example
= (as usual, we equate 1 with true and 0 with false)
= Similarly, for ~x;"x3"~x, € H,
= has (0; 0; 1; 0) and (0; 1; 1; 0) as positive examples
= and (1; 0; 0; 0), (1; 0; 1; 0), and (0; 1; 1; 1) as negative examples.
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PAC analysis example:

learning conjunctions of Boolean literals
= Clearly, H,, is finite, so H,, is PAC learnable. In fact
|Hy,| = 3"

= (either x; is in the expression or ~x; is in, or neither is in (3 state)).
= Hence we have sample complexity:

ln(3"/6} n X In(3) — In(8) C
n £ £ P

= To prove that Boolean conjunctions are PAC learnable, need |
to also show that we can find a consistent hypothesis in d
polynomial time (the FIND-S algorithm): |
= initialize # to the most specific hypothesis x{*~x{ " x; " ~x5 ... *x, *~x,,
= for each positive training instance x
remove from £ any literal (x; or ~x;) that is not satisfied by x

= output hypothesis &
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PAC analysis example:

learning conjunctions of Boolean literals

= For example, for § = 0.02,c = 0.01 and n = 10 How many training
examples suffice

10xIn(3)—In(0.02) _ 149
0.01

= Wwith these 149 examples the bound guarantees (at least) 99%
accuracy with (at least) 98% confidence /

= For example, How many training examples suffice to ensure that .
with probability> 0.99, a consistent learner will return a hypothesis
with error < 0.05 ? f\

= Therefore§ =(1-0.99) =0.01, and £ = 0.05 \)

nxIn(3)—-In(0.01)
0.05

= we need at least 149 examples: Ny > [

= Hence we have sample complexity: Ny > [

= Forn=10

we need at least 312 examples
= Forn=100

we need at least 2290 examples

Dr. A. Fathi, Machine Learning




PAC analysis example:

learning decision trees of depth 2

= For example, each instance has »n Boolean features (x4; ...; x,,)
= If Learned hypotheses are DTs of depth 2 using only 2

Razi University

variables
= Then the size of hypotheses is: X-‘\
n n(n-1)

H| = x 2% = X16 =8n(n—1
H=(5) 2 (= 1) v] O
# possible split choices #possible leaf labeling patterns /\ /
1 0 1 1 |
a

= How many training examples suffice to ensure that with probability>
0.99, a consistent learner will return a hypothesis with error < 0.05 ?\)

= Therefore § =(1-0.99) =0.01, and £ = 0.05

8n(n—1)xIn(3) —ln(0.0l)}
0.05

= Hence we have sample complexity: Ny > [

= Forn =10, we need at least 312 examples
= Forn =100, we need at least 2290 examples
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Learning Theory

(Agnostic PAC Learning)

= So far, we've been assuming that the target concept ¢
is in our hypothesis space H (c c H); this is not a very
realistic assumption

= Agnostic PAC /earning setting

Razi University

= dontassumeceH (
= learner returns hypothesis /# that makes fewest errors on \\.\\;
training data ey
a

= Hoeffding bound

= We can approach the agnostic setting by using the Hoeffding bound _J

« Let Z4,...,Z,, be a sequence of m independent Bernoulli trials (e.g. coin
flips), each with probability of success E[Z;] = p
« letS=2,+--+2,,
P[S< (p—¢&m] < e ?me
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Learning Theory

(Agnostic PAC Learning)
= Applying the Hoeffding bound to characterize the error rate
of a given hypothesis

Plerrorg(h) > errorp(h) + €] < e™?™¢

= But our learner searches hypothesis space to find h,;
2

Razi University

2

Plerrorg(hp.s) > errorp(hpes) + €] < |H|e 2™ d

= Solving for the sample complexity when this probability is
limited to & S

1 |

Ny 2 |5 AnCHD) — In(3))| a

= If His infinite (e.g. the class of Perceptrons), what measure
of hypothesis-space complexity can we use in place of |H|?

= Answer: the largest subset of X for which H can guarantee
zero training error, regardless of the target function.

= This is known as the Vapnik-Chervonenkis dimension (VC-dimension)
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Learning Theory

(VC Dimension)

= Vapnik-Chervonenkis (VC) Dimension is a classic
measure of complexity of infinite hypothesis classes
based on this intuition.

Razi University

= The VC dimension is a very classification-oriented

notion of complexity @
= Theidea is to look at a finite set of unlabeled examples ~
= ho matter how these points were labeled, would we be able to/
find a hypothesis that correctly classifies them e ‘\

= The idea is that as you add more points, being able to
represent an arbitrary labeling becomes harder and
harder.

= Vapnik (1971, much earlier than Valiant) is the founder of statistical
learning theory based on structural risk minimization rather than
empirical risk minimization
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Learning Theory

(VC Dimension)

= Definition (Restriction of H to C)
= Let A be a class of functions from Xto {0, } and let C = {¢,...,c;,} € X

= The restriction of H to C is the set of functions from C to {0, 1} that
can be derived from H. That is, H; = {h(cy), ..., h(c,,): heH}

= Where each function from C to {0, 1} represents as a vector in {0,1}/¢ |./

Razi University

)

= Definition (Shattering) P

= A hypothesis class H shatters a finite set C € X if the restrictionof # .
to C is the set of all functions from C to {0, 1}. That is, |H| = 2/, f\
o _ _ )
= Definition (VC-dimension)
= The VC-dimension of a hypothesis class H, denoted VCy;,,,(H), is the
maximal size of a set C € X that can be shattered by H.

If H can shatter sets of arbitrarily large size we say that A has infinite VC-
dimension.
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Learning Theory

(VC Dimension)

s Consider: H is set of lines In 2D (i.e. Perceptrons in 2D feature space)

Razi University
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instance no matter instances no Instances no matter  jnstances for

how it's labeled  matter labeling labeling (assuming g6 |apelings

they’re not colinear)

= It can shatter 3 instances, but not 4, so the VC,;,,(H) = 3
= More generally, the V(C,;,, of hyperplanes in » dimensions = n+1
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Learning Theory

(VC Dimension)

= Examples

Razi University

® Threshold functions: h(x) = 1(x < ¢).
VCdim =1

® Intervals: h(x) = 1(x € [a, b]).
VCdim = 2

® Finite classes: he H ={h1,..., hy}.
VCdim < log,(n)

> 1Va

® V/Cdim is not always # of parameters: hg(x) = [.5sin(0x)], # € R.
VCdim = oc.
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Learning Theory

(Summary PAC and VC Dimension)

= Main goal: Define complexity of H and use it to say if H is
learnable and how many examples do we need.
= Learnable means we can find the best function in the hypothesis space

= We have seen that finite hypothesis class can be learned, but

Razi University

what about infinite ones like linear predictors? -

= We can discretize (after all we are working on a finite precision ~
machines), W 4

= but this is not a great solution. 7\

= If we move from float to double does generalization changes?
= The union bound is very suboptimal as similar hypothesis will fail on
similar samples
= The solution is the check how many effective hypothesis
there are on a sample of size m
= We will restrict ourselves to binary classification with 0 / 1 loss.
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Learning Theory
(Summary PAC and VC Dimension)

= We have seen that the VC dimension fully determines
learnability for binary classification

= The VC dimension doesn't just determine learnability, it also
gives a bound on the sample complexity (which can be shown
to be tight). é
= Can extend PAC analysis to regression/multiclass classification-
but theory isn't as simple, especially for:
= Noisy training data
= learner allowed to ask queries

= Recent advances in neural network pose a serious challenge
to ML theory as the performance is much better then the
theoretical bounds predict.

Razi University

&N
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Razi University

( Supervised Learning
f( \
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Regression

> 1Va

Regression Analysis was first developed by Sir Francis Galton,
who studied the relation between
heights of sons and fathers.
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Regression

Razi University

= The concept of regression analysis deals with
finding the best relationship between Y and X.

= Regression analysis measures the strength of the
relationship, and allows for prediction of the C
response (dependent) values Y for given values of \/
the (independent) regressor X ( y = f(x)). A
<

= Input: X
= Real valued, vectors over real.
= Discrete values (0,1,2,...)
= Other structures (e.g., strings, graphs, etc.)

= Output: Y- Real valued, vectors over real
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Razi University

= Regression analysis serves Three major purposes:
= Description
=« Control

1= 8 |
- - E
= Prediction 3_ -
2E 6
o o T
v v 5 a T
L g |
T o i
[‘:I: Eh 4 ° /
33 3 Nonlinear u
§7 5 a
o .
S Jd
0 - 1 1 | 1 1
1970 1980 1990 2000 2010 2020

Year

= While various non-linear forms may be used, simple
linear regression models are the most common.
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Construction of Regression Models

= Selection of iIndependent variables

= Since reality must be reduced to manageable proportions
whenever we construct models, only a limited number of
iIndependent or predictor variables can or should be included in a
regression model.

Razi University

= Therefore a central problem is that of choosing the most a
iImportant predictor variables.

= Functional form of regression relation /
= Sometimes, relevant theory may indicate the appropriate |
functional form. 7\

= More frequently, however, the functional form is not known in
advance and must be decided once the data have been collected
and analyzed.

= Scope of model

« In formulating a regression model, we usually need to restrict
the coverage of model to some interval or region of values of
the independent variables.

J
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Linear Regression

Razi University

= The primary goal of quantitative analysis is to lot size Man-hours
use current information about a phenomenon to 28 Z,g
predict its future behavior. 50 108
= Current information is usually in the form of a 80 170
set of data. 40 87
| | 50 108 -
= |n a simple case, when the data form a set of pairs of 60 135 (
numbers, we may interpret them as representing the 30 69 _ —
observed values of an independent (or predictor) 70 148 /
variable X and a dependent (or response) variable Y. 60 132 -~
g \
E(Y)—the expected value of ¥
= The goal of the analyst who studies HeeTEe
the data is to find a functional 7
relation between the response 100 1
variable y and the predictor variable
X.
y = f(x) ™

F(X} is the expected value of ¥ when the lot size is X
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Linear Regression

= General linear model (GLM) for data ~

Razi University

Y=wygt+tw X +¢

= wgoand w, are parameters /P(
50

3

= X is a known constant Regression Line
= Deviations ¢ are independent N(o, ¢2) —— Probebilty Distributon of ¥ |
30 f- / :
Y
0 Man-Hours - Y

= The values of the parameters w, and w, are not known.

= We estimate them from data.
w, is the intercept (bias) of the fitted line.
w, indicates the change in the mean response per unit increase in X.
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Linear Regression

Finding Parameters

= Aim of linear regression is to fit a straight line,
y = wpy +wyix, to data that gives best prediction
of y for any value of x
= This will be the line that minimises
distance between data and fitted line

Razi University

y =wo+wix

. / \

intercept slope

i.e. the residuals 1

v

y; = predicted value
y; = true value

€ = residual error
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Linear Regression

Finding Parameters

= Trying out different values of w, is equivalent to changing the
slope of the line, while b stays constant

. — > W;/ > - V/Vg' >
/°/‘ . /’ . / . (
m Trying different values of w, (bias) is equivalent to shifting the
line up and down the scatter plot A
° ° 0_/ °
. W(y/ i R . }’//‘ . .,/ i R
° 7 i ° . " o/' R o

/ / / [ ]
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Linear Regression
= If the scatter plot of our sample data suggests a
linear relationship between two variables i.e.
y =wp+wix
= we can summarize the relationship by drawing a straight line

Razi University

on the plot. -
= Least squares method give us the “best” estimated -
line for our set of sample data. P

= The method of least squares chooses the values for w, and w,
to minimize the sum of squared errors /w \

SSE = Y1 1(yi = ¥)?= Yi1(yi — wo — wyx;)? )
= Using calculus (solve partial derivatives of SSE respect to
Wy and w, to be 0), we obtain estimating formulas:

S Sy _ i=1(xi — )i —¥) _ N1 XY — Di=1Xi Di=1Yi Wo =y — wWiX
1 S, Y (x; — Xx)? nyt,x; — Xk x:)?
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Multiple Regression

= Multiple regression is used to determine the effect of a
number of independent variables, x,, x,, x;, efzc, on a
single dependent variable, y

Razi University

= The different features of x variables are combined in a
linear way and each has its own regression coefficient;./

/ Coefficients Mndom error variabB
i lewk )i -\
Dependent variable Independent variables | \)

= The w parameters reflect the contribution of each
independent multi-featured variable, x € RX, to the
value of the dependent variable, y.

= i.e. the amount of variance in y that is accounted for each x;
variable after all the other X; variables have been accounted for
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Multiple Regression

Razi University

= Motivation for multiple regression
= Incorporate more explanatory factors into the model
« Explicitly hold fixed other factors that otherwise would be in
= Allow for more flexible functional forms

é
= Different Ways of Building multiple Regression ~
Models: D

= Simultaneous: all independent variables entered together / \

=« Stepwise: independent variables entered according to some <)
order
By size or correlation with dependent variable

In order of significance (t-test of difference between
standardized partial regression coefficients (»,))

= Hierarchical: independent variables entered in stages
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Multiple Regression

= Multiple Regression Equation
The equation that describes how the mean value of y

is related to x;, x;, . . . x; Is:
Ey)=ay+ oy x;+ dyxp+ ...+ apxp + e

= Estimated Multiple Regression Equation )
Y=wy+wix; +wWox,+.. .+ Wiy

A simple random sample is used to compute sample statistics
w, Wy, w,, ..., w,that are used as the point estimators of the

parameters o, @, @, . . ., ..
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Multiple Regression
Estimation Process

Multiple Regression Model

EY)=agy+toxtox+...+tox, +¢
Multiple Regression Equation

E(Y) =@y + ox;+ 0x,+ ...+ @x;

Unknown parameters are

@Dy, D1, @, .

Sample Data:
Xy Xo oo X

y

oo’a)k

Estimated Multiple
Regression Equation

WOIW11W2,'°’IWk
provide estimates of
O, W01, Dy,

> 1Va

y=W0+W1x1+W2x2+...+kak
Sample statistics are
WO,Wl,WZ’ooo’Wk

..’w
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= For ndata points: D ={(x{,y1), .., ®@n ¥n)} = {*i, y)}iq

T
Yn><1 — wlx(K+1) X(K+1)><n T Enx1

V4 wg 1 1 1 R |
_ e X
Y=|-]l,w=]| |, X=|X1]= X1,1 x2,1___ n1 andei~N(O,02)
w _
Yn k K _xl,k xz,k xn,k_

&

-\
= Construct maximum likelihood estimator (MLE): <
= Derive the log-likelihood

= Find w,;; that maximizes log-likelihood
Analytically: Take derivative and set = 0
Iteratively: (Stochastic) gradient descent
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D = {(Xi, ¥1)}i=1
H p xz; yz M (yz |ZU%) E/]i;f;r(ierlninative polylz) - 1277 exp (_(y _QCG;Z;E)Q)

= For n data points:

Hl)f
1 (yi—o’ x;)?
= {(w|D) = 1pw (yllxl) — 1li= la\/_exp( 202 ) C
1 ~
= e ),zzexp(—ﬁ i=1(yi — @' x;)?) e
o-n T \
A
= Want to compute: Wy p= arg max € (w|D) <)
w€eRK

= To simplify the calculations, we take the log:
= which does not affect the maximization because log is a

monotone function. @y p= arg maxlog(¢(w|D))
wERK
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Estimation of Multiple Regression

= Take the log: log(¢(w|D)) = log(— =z exp(— — X1 (¥; — @Tx)?))

Razi University

o"(2m)2 20%

= ~log (a"(2m)2) — 555 T (i — @"x)?)

= Removing constant terms with respect to w:
= Log is Monotone Function(Easy to maximize) K

log(£(w|D)) = =TIy (yi — @' x;)? P
= We want to compute Iog-Iikellhood

Wy g = argmaxlog({(w|D)) = arg max — ;41 (¥; — @ xl)z
wERK wERK

= Dropping the sign and flipping from maximization to
minimization (Minimize SSE (Least Squares Regression)):

WyLg = arg mmZ 1(yi—w x:)z
w€ERK
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Estimation of Multiple Regression

= Take the gradient and set it equal to zero

= Removing constant terms with respect to w:
= Monotone Function(Easy to maximize)

Razi University

2y log(t@ID) = 3o (S - o x)H =0 -

-2 1(yl_w x:)xz——zz 1 YiXi + 2 X5 (w xi)xi:()\

D
- 2XTY+2X"Xw =0 > @y = XTX)"1XTY A\
Moore-Penrose Xt |
- - - Psuedoi “
= Not typically solved by inverting x’x .
A —log L(w)

= Solved using various iterative methods: Um:o

= (Stochastic) Gradient Descent < ——
v WMLE
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= Solution: Iterative Methods

= Gradient Descent:
for T from 1 until convergence O(nk)

n
1
oD = 0™ + P(T)EZ(}G' — o'x)x;
i—1 '

= Stochastic Gradient Descent:
for r from 1 until convergence 0(k)
pick a random i

0D = 0@ + p(D)(y; — 0" x;)x;

= Sensitive to choice of learning rate p(T)
= typically (p(7) = 1/7)
= Also known as Least-Mean-Squares (LMS)
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Regression

Import numpy as np

Import pandas as pd

Import matplotlib.pyplot as plt

from sklearn.model _selection import train_test_split

from sklearn.linear_model import LinearRegression

from sklearn.datasets import fetch_california_housing

california_housing = fetch_california_housing()

X = pd.DataFrame(california_housing.data, columns=california_housing.feature_names)

y = pd.Series(california_housing.target)

X = X[['MedInc', 'AveRooms’]]

X train, X test, y train, y test = train_test_split(
X, y, test_size=0.2, random_state=42)

model = LinearRegression()

model.fit(X_train, y_train)

y _pred = model.predict(X_test)

Razi University

Multiple Linear Regression Best Fit Line (3D)

Intercept w0 : 0.5972677793933272 Coefficients w1, w2 : [ 0.43626089 -0.04017161]
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Regression (Bias-Variance Tradeoff)

= Bias and Variance are two fundamental concepts that
help explain a model’s prediction errors in machine

Razi University

learning.

= Bias refers to the error caused by oversimplifying a model
= Variance refers to the error from making the model too a
sensitive to training data. -
= So far, we have minimized the error (loss) with respectto
training data a
= Low training error does not imply good expected performance:
over-fitting <

= We would like to reason about the expected loss
(Prediction Risk) over:

= Training Data: D = {(x4,y1), ..., &n, Yn)}
= Test point: (x*,y")
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Regression (Bias-Variance Tradeoff)

Razi University

= We will decompose the expected loss into:
Ep yo| (' —f(x*|D))*| = Noise + Bias* + Variance
= To do this, we will expand the error term twice using rule
(a + b)*= a* + b* + 2ab -

= One time for separating Noise error by adding (—h(x*) + h(x*))to
Expected Loss and substitution of y* with h(x*) + £* (y* = h(x*) + SD

= And another for separating bias and variance error by adding terms
(—E[f(x*|D)] + E[f(x*|D)]) to Expected Loss (see Alpaydin ch4 p69)f\

Ep Gy —f(x*|D))?| = 7)
E.|(y*—h(x))?]| + (h(x*) — E[f(x*|D)])*+E[(f (x*|D) — E[f(x*|D)])?]
Noise + Bias* + Variance

Understanding this balance is essential for building
models that generalize well to unseen data.
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Regression (Bias-Variance Tradeoff)

= Bias is the error that occurs when a model is too simple to
capture the true patterns in the data.

= High bias: The model oversimplifies, misses patterns and underfits the
data.

= Low bias: The model captures patterns well and is closer to the true a
values. .

= Example: A neural network with too few layers or neurons fails to \/
capture complex patterns, producing consistently inaccurate outputs.

Razi University

This is called underfitting. f \\
= Mathematically, Bias? = (h(x*) — E[f(x*|D)])? <)
= Where:

= h(x*) :true value
= f(x*|D) :predicted value by the model
= E[f(x*|D)] :expected prediction over different training sets
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Regression (Bias-Variance Tradeoff)

= Variance arises when a model becomes too sensitive to
training data and it captures noises in data too. It fails to give
prediction on unseen new data.

= High variance: The model is too sensitive to small changes and may
overfit. K

= Low variance: The model is more stable but might miss some patterns:

= Example: A deep decision tree that memorizes the training data
perfectly but performs poorly on new data shows high variance, this is
known as overfitting.

= Mathematically, Variance = E[(f(x*|D) — E[f(x*|D)])?]

= Where:

= f(x*|D) :predicted value by the model
= E[f(x*|D)] :average prediction over multiple training sets

Dr. A. Fathi, Machine Learning
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Regression (Bias-Variance Tradeoff)

= How to Reduce Bias?

= Use More Complex Models: Use models capable of capturing non-linear
relationships such as neural networks or ensemble methods.

= Add Relevant Features: Include additional informative features in the training
data to give the model for capturing underlying patterns.

= Adjust Regularization Strength: Reduce regularization to allow the model K
more flexibility in fitting the data. S

= How to Reduce Variance?
=« Simplify the Model: Use a simpler model or prune overly deep decision treg_f \
to avoid overfitting.

= Increase Training Data: Collect more data to stabilize learning and make the
model generalize better.

= Apply Regularization: Use L1 or L2 regularization to constrain model
complexity and prevent overfitting.

= Use Ensemble Methods: Implement techniques like bagging or random
forests to combine multiple models and balance bias—variance trade-offs.

Dr. A. Fathi, Machine Learning
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Regression (Bias-Variance Tradeoff)

= Bias Variance Tradeoff
= The total prediction error depends on the tradeoff between bias

Razi University

and variance:

Total Error

Model Type Bias  Variance Result :
Underfitting High Low Poor training and test .
performance 5 g ariance
Optimal Moderate Moderate Best generalization
\
Overfitting Low High Poor test performance 5 .

Model Complexity

= An ideal model achieves a balance of model not being too simple i.e.
high bias, not too complex i.e. high variance.

= Understanding this balance is essential for building models that
generalize well to unseen data.
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Lasso Regression

Razi University

= Lasso Regression is a regularized linear regression
technique used to improve model generalization and
handle high-dimensional data efficiently.
=« It balances prediction accuracy and model simplicity by

penalizing large coefficient values during training. a
= Adds an L1 penalty term to the loss function, which —
constrains the magnitude of regression coefficients. /

= Encourages sparsity in the model by shrinking some |
coefficients exactly to zero, effectively performing feature a
selection. <

= Controls model complexity through the regularization
parameter («a), helping reduce overfitting and improve
prediction stability.

(/‘\)Lasso = arg min Z?:l(yi _ wai)z-l'alwl
wERK
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Lasso Regression

Razi University

= The model minimizes prediction error while penalizing
large coefficients, balancing accuracy with simplicity
to produce a more generalizable model.

= Understanding the Regularization Strength («)

= The regularization strength determines how strongly the
model penalizes large coefficients during training.

(
= a = 0: Lasso behaves exactly like Linear Regression P
= Small a: Slight shrinkage of coefficients f‘\
= Large a: More coefficients shrink toward zero
= Very large a: All coefficients become zero <
= As a increases, the model applies stronger regularization,
which increases bias but reduces variance and makes the

model sparser. This balance between bias and variance
helps prevent overfitting and improves generalization.
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Lasso Regression

Razi University
Import numpy as np

Import pandas as pd

from sklearn.model _selection import train_test_split

from sklearn.preprocessing import StandardScaler

from sklearn.linear_model import Lasso

from sklearn.datasets import fetch_california_housing

california_housing = fetch_california_housing()

X = pd.DataFrame(california_housing.data, columns=california_housing.feature_names)
y = pd.Series(california_housing.target)

scaler = StandardScaler()

X = scaler.fit_transform(X)

X train, X test, y train, y test = train_test_split(X, y, test_size=0.2, random_state=0)
model = Lasso(alpha=0.1)

model.fit(X_train, y_train)

y _pred = model.predict(X_test)

> 1Va
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Ridge Regression

Razi University

= Ridge Regression ( or L2 Regularization ) is a variation of
Linear Regression.

= In Linear Regression, it minimizes the Residual Sum of
Squares ( or RSS or cost function ) to fit the training
examples perfectly as possible. 7

= Adds an L2 regularization penalty to the cost function —
= Penalizes large coefficient values to reduce overfitting

D
= Handles multicollinearity more effectively and improves mod% |
generalization \
_J

~ . a
DRigge = arg min ;- (y; — wai)2+E | l|?
w€ERK
= If a = 0: Ridge Regression becomes equivalent to Linear
Regression

= If a — oo: All weights approach zero, leading to an overly simple
underfit) model
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Ridge Regression

Import numpy as np

Import pandas as pd

from sklearn.model _selection import train_test_split

from sklearn.preprocessing import StandardScaler

from sklearn.linear_model import Ridge

from sklearn.datasets import fetch_california_housing

california_housing = fetch_california_housing()

X = pd.DataFrame(california_housing.data, columns=california_housing.feature_names)
y = pd.Series(california_housing.target)

scaler = StandardScaler()

X = scaler.fit_transform(X)

X train, X test, y train, y test = train_test_split(X, y, test_size=0.2, random_state=0)
model = Ridge(alpha=1, solver=“Cholesky”)

model.fit(X_train, y_train)

y _pred = model.predict(X_test)

Razi University

> 1Va
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ElasticNet Regression

Razi University

= ElasticNet Regression is a type of linear regression

that adds two types of penalties, L1 (from Lasso) and
L2 (from Ridge) to its cost function.

= This helps picking out important features by setting some
coefficients to zero and also handle situations where some r
features are highly similar or correlated. .

~

= This makes the model less likely to overfit and more stable, /
especially when working with lots of features or data where |
some variables are related to each other. 7\

A~ : a
WElastic = A8 rr}{ln Z?=1(yi o wai)z+7"CZ|w| + (1 o r)z ”wllz\)
WER

« If r = 0: ElasticNet Regression becomes equivalent to Ridge Regression
=« Ifr = 1: ElasticNet Regression becomes equivalent to Lasso Regression
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ElasticNet Regression

Razi University
Import numpy as np

Import pandas as pd

from sklearn.model _selection import train_test_split

from sklearn.preprocessing import StandardScaler

from sklearn.linear_model import ElasticNet

from sklearn.datasets import fetch_california_housing

california_housing = fetch_california_housing()

X = pd.DataFrame(california_housing.data, columns=california_housing.feature_names)
y = pd.Series(california_housing.target)

scaler = StandardScaler()

X = scaler.fit_transform(X)

X train, X test, y train, y test = train_test_split(X, y, test_size=0.2, random_state=0)
model = ElasticNet(alpha=0.1, L1 ratio=0.5)

model.fit(X_train, y_train)

y _pred = model.predict(X_test)

> 1Va
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Non-Linear Regression

= What if Y has a non-linear response?

151 L]

= Can we still use a linear model?

05t ™Y

= Transform features Space x;

$of

Xi = (Xi1,Xi2, ) Xik)
= By applying non-linear transformation ¢:
¢:RF —> RP
= Example Polynomial Transform:

2 .3
b(x) = {1, x;, %%, %3, ..., X7

= others: splines, radial basis functions, ...

= Expert engineered features (modeling)
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Non-Linear Regression

Razi University

;/,1 2 3\d !
Yy . “1f

_ot . _ot
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Non-Linear Regression

Razi University

Import numpy as np

Import pandas as pd

Import matplotlib.pyplot as plt

from sklearn.model _selection import train_test_split

from sklearn. preprocessing import PolynomialFeatures

from sklearn.linear_model import LinearRegression

from sklearn.datasets import fetch_california_housing

california_housing = fetch_california_housing()

X = pd.DataFrame(california_housing.data, columns=california_housing.feature_names)
y = pd.Series(california_housing.target)

pf = PolynomialFeatures(degree=3, include_bias=False)

Xp = pf.fit_transform(X)

X train, X test, y train, y test = train_test_split(Xp, y, test_size=0.2, random_state=42)

> 1Va

model = LinearRegression()
model.fit(X_train, y_train)

y _pred = model.predict(X_test)
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I ntrOd u Cti o n Razi U';]:I‘VGI’SI'[y

= Classification
= predicts categorical class labels (discrete or nominal)

=« classifies data (constructs a model), based on the training set
and the class labels, and uses it in classifying new data

C

= Model construction >
= Each sample is assumed to belong to a predefined class, as f\
determined by the class label d

= The set of samples used for model construction is called
“training set”

= The model is represented as classification rules, probabilistic
model, mathematical formulae, decision trees and etc.
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Classification

Razi University

= Given training dataset: D = {(x4, y1), (X2, ¥2), ..., (X, Y1)}

= Learn a hypothesis function h(x) to predict y given x
= y = h(x) is categorical == classification

= x can be: single-dimensional

Breast Cancer (Malignant / Benign)
A

1(Malignant) == ® 0 ® 00

0(Benign) ~—@-@D—O—0—@

Tumor Size

Predict Benign | Predict Malignant

Tumor Size

/

Age

multi-dimensional

A

Tumor Size

= Each dimension corresponds to an attribute or Feature
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Classification

Razi University

= Definitions:
= Instance Space X
Set of all possible objects describable by attributes (often called features).
= Concept C
Subset of objects from X (C is unknown).
=« Target Function & K

—

Characteristic function indicating membership in C based on attributes (i.e:«.
label) (h is unknown).

« Training Data D f\
Set of instances labeled with target function.
= Given - examples of a function D = {(x;, & (x;))}1-4 <
= Predict function 7 (.) for new examples x’
= Discrete /i(x'): Classification

= Continuous /(x’): Regression
= h(x') = Probability(x'): Probability estimation
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Classification

Razi University

= Task

= Learn (to imitate) a hypothesis function2: X - Y
For Binary Classification Ye {1,-1}or Y e {1, 0}
For Multi-Class Classification Y € {1,2,...,.M}

« Goal K

= Find afunctiong: X - Y o
= that approximates : X — Y Y
(as well as possible) ;o
1 most specific hypothesis, S S 4 hix) = 1 if h classifies x as a positive example |
- 2 0 if h classifies x as a negative example
most general hypothesis, G 5 ST
g h o .7
2 = _‘C/ False negative
h € H, between S and G is I o s e
s
e, | FErrorof hon H
and make up the i e . e N
b o EMIX) = 1(h(x") #¥")
=1

1 1 L » X, Price
1 Py P;

Dr. A. Fathi, Machine Learning



Classification

= Training Examples
= Learning algorithm is given the correct value of the function
for particular inputs — training examples
= An example is a pair (x, 4(x)), where x is the input and y=h(x) is
the output of the target function applied to x.

= Learning is an ill-posed problem;
= Data is not sufficient to find a unique solution
= The need for inductive bias, assumptions about A

> 1Va

= Generalization: How well a model performs on new

data
= Overfitting: /A more complex than C

= Underfitting: hless complex than C
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= Inference step o 3
=« Determine p(x, y) or p(y| x) P(w,C1)

p(z,C2)
= Decision step
= For given x, make optimal
prediction, i(x), fory.

= Loss function: p(misteke) = plx € Rl,c2)+p(xe£§,c;)
Blz] = [ Lty heowix ) dxay ~ [ meais [ R
= Generative approach: J

= Model p(y, x) = p(x| y) p(y) We would like to estimate

=« Use Bayes’ theorem p(y|x) = P(XY)r») p(x|Ci) and p(C;) to be able to
P(x) estimate the posterior p(Cilx)

= Discriminative approach:
= Model p(y|x) directly
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Logistic Regression

Logistic Regression is a supervised machine learning
algorithm used for classification problems.
= Unlike linear regression, which predicts continuous values it
predicts the probability that an input belongs to a specific
class.
= Like the multiple regression, logistic regression is a statistical
analysis used to examine relationships between independent /
variables (predictors) and a dependant variable (criterion)
The main difference is in logistic regression, the criterion is |
nominal (predicting group membership). d

= There are primarily 2 types of logistic regression:
= Binary logistic regression is for a dichotomous criterion (i.e., 2-
level variable)

= Multinomial logistic regression is for a multicategorical
criterion (i.e., a variable with more than 2 levels)

Dr. A. Fathi, Machine Learning

Razi University



Logistic Regression

Razi University

= It uses sigmoid function to convert inputs into a
probability value between 0 and 1.

= The sigmoid function is a key component of Logistic Regression
that converts the model's raw output into a probability value
between 0 and 1.

= This function takes any real number and maps it into the range
0 to 1 forming an "S" shaped curve called the sigmoid curve oi')
logistic curve.

Because probabilities must lie between 0 and 1, the sigmoid f \
function is perfect for this purpose.

= In Binary logistic regression, we use a threshold value usuaIIy‘\)
0.5 to decide the class label.

the sigmoid output is same or above the threshold, the input is
classified as Class 1.

If it is below the threshold, the input is classified as Class 0.
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Logistic Regression

of input features:
n Z=w . X+ W

Razi University

Logistic regression computes a linear combination

= Passes z through a sigmoid function to produce a

probability between 0 and 1.

é

= This probability is then used to assign the input to a class. \j\
= Suppose we have training set D = {(x;, y;,)}~,, each

sample x; has k features.
= All training data represented as a matrix:

2 1 1
y=|..| x=|*1 *21
Yn X1,k X2k

1
xn,l

xn,k_

A
)

w = Wy Wy wy - W]
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Logistic Regression

Logistic regression then applies the sigmoid function
to z to convert it into a probability between 0 and 1
which can be used to predict the class.

1.0-10
1 -
0(2) = A
z=wX /é p _

= where the probability of being a class can be measured as: 8 \
P(y=1)=0(2), P(y=0)=1-0(2) &
= The odds function models the ratio of the probability
of an event to the probability of its non-occurrence:

px) 4
1p ¢
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Logistic Regression
= Taking the natural logarithm of the odds gives the log-

Razi University

odds or logit:
- p(z) | _ ,
1 —p(z)
p(z)
1 =w-X
Bl " C
p(il?) w- X . . \\\
=e - -« Exponentiate both sides ~
1— p(z) _ W 4
p(z) = e - (1-p(z)) 7\
p(z) = e*X — e X+ . p(z) |
p(z) + X - p(z) = e —
p(il?)(l e eu‘-‘\’) - eu'-.\'
eu'~X 1 B
p(:lf) - 1 i eu._X == 1 o e_u‘._\’ —p(X.'LU)

= This formula represents the probability of the input belonging to Class 1.
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Logistic Regression

= Likelihood Function for Logistic Regression

Razi University

= The goal is to find weights o' and bias w, that maximize
the likelihood of observing the data.

C
= For each data point i \/
« if y; = 1, predicted probabilities will be: p(x;;w)=p(x;) f\

« if y; = 0,The predicted probabilities will be: 1 — p(x;;w)=1 — p(x]

<)

= The likelihood function for Binary Logistic Regression
has Bernoulli distribution:

L(w) = [Tt p (x)”'(1 —plx))'
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Logistic Regression

= Taking natural logs on both sides:

Razi University

log(L Zy log p(z:) + (1 —wi)log(l — p(x:))

= Zy log p(z:) + log(1 — p(xi)) — yilog(1 — p(z:))
t=1 N
n n m?

= Zlog(l—p(wz))JrZyz-loglp_( () , 7
i=1 =1 p(zi) 7\
n w-Xi n

:Z—log(l— < ')+Zyl(w X;) )
i1 1+ e" ™ i=1

= Z —log(1+€e“*)+ Zy,(’w X;)
i=1 i=1

= This is known as the log-likelihood function
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To find the best w we use gradient ascent on the Iog-
likelihood function. The gradient with respect to each
weight w; is set to zero:

T

0J (log(L(w))) -
() 1=1

dw; 1+e

> 1Va

— Z 1173, )mu = ()

= We construct k + 1 equation for k + 1 parameters and solve it

Dr. A. Fathi, Machine Learning



Estimation of Logistic Regression
OR Use Iterative Solution Methods

Razi University

= Gradient Descent:

Initialize w® randomly
for T from 1 until convergence
n

1
0D = @™ + P(T)Ez()’i 1+ e_w(r).Xi)Xi O(nk) C
i=1 =
P
= Stochastic Gradient Descent: \
Initialize w® randomly /. \
for z from 1 until convergence o )

pick a random i

1
0D = w® + p(D)(y; - e Xi

= Sensitive to choice of learning rate p(7)
= typically (p(7) = 1/7)
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Binary Logistic Regression

Import numpy as np

Import pandas as pd

Import matplotlib.pyplot as plt

from sklearn.model _selection import train_test_split
from sklearn. metrics import accuracy_score

from sklearn.linear_model import LogisticRegression
from sklearn.datasets import load_breast_cancer

Razi University

X, y = load_breast_cancer(return_X_y=True)
X train, X test, y train, y test = train_test_split(X, y, test_size=0.2, random_state=23)

model = LogisticRegression()
model.fit(X_train, y_train)

> 1Va

y_proba = model.predict_proba(X_test) #class probability
y _pred = model.predict(X_test) # class label

acc = accuracy_score(y_test, y_pred) * 100

print(f*Binary Logistic Regression model accuracy: {acc:.2f}%")
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Multinomial Logistic Regression

Razi University

= Multinomial logistic regression is for a multicategorical
criterion (i.e., a variable with more than 2 levels)
= Learn a hypothesis function 7 : X — Y where Y e {1,2,....M}

= In the Multinomial Logistic Regression instead of C
sigmoid function, softmax is used: ~
ezi J

softmax(z;) = ]1‘1 e ')

= Then the probability of each sample belonging to class
¢ Is calculated as:
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Multinomial Logistic Regression

Razi University

Import numpy as np

Import matplotlib.pyplot as plt

from sklearn.model _selection import train_test_split
from sklearn. metrics import accuracy_score

from sklearn.linear_model import LogisticRegression
from sklearn.datasets import load_digits

X = load_digits.data()
y = load_digits.target()
X train, X test, y train, y test = train_test_split(X, y, test_size=0.2, random_state=1)

model = LogisticRegression(multi_class="multimodal”, solver="Ibfgs”, C=10)
model.fit(X_train, y_train)

> 1Va

y_proba = model.predict_proba(X_test) #class probability

y _pred = model.predict(X_test) # class label

acc = accuracy_score(y_test, y_pred) * 100

print(f*"Multinomial Logistic Regression model accuracy: {acc:.2f}%")
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Parametric Classifiers

Razi University

= Bayesian Decision Theory
= Prior Probabilities
=« Class-Conditional Probabilities
=« Posterior Probabilities
= Naive Bayes

> 1Va

= Discriminant Functions
= Probability Density Function Estimation
= Linear Discriminant Function
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Classifiers based on

Bayes Decision Theory

= Bayesian Decision Theory is a fundamental statistical
approach that quantifies the tradeoffs between various
decisions using probabilities and costs that accompany

such decisions.

= First, we will assume that all probabilities are known. @

= Then, we will study the cases where the probabilistic structure is not —_—
completely known. P

= Feature vectors are treated as random vectors. a
- x = [x1,%5,..., x]"

= For input feature vector 2 1 X2, e) Xg p

= Assign the Class label represented by feature vector x
to the most probable of the available classes w,,w,,..., wy

Thatis x - w;:P(w;[x) maximum
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Bayesian Classifiers:

Prior Probability

= Prior probabilities reflect our knowledge of how likely
each class type will appear before we actually see it.
= How can we choose P(w;) and P(w3)?

= Set P(w,) = P(wy) if they are equiprobable (uniform priors).
=« May use different values depending on the problem.

K
= Assume there are no other types P(w;) +P(w;) =1 ~
« (exclusivity and exhaustivity). /
= How can we make a decision with only the prior 7\
information? J

= Decide

w; P(wy) > P(w3)
W- Otherwise

= What is the probability of error for this decision?
=« P(error) = min{P(w,) , P(wy)}
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Bayesian Classifiers:

Class-Conditional Probability

= Let’s try to improve the decision using the lightness
measurement Xx.
= Let x be a continuous random variable.
= Define P(£|wj) as the class-conditional probability density (probability of

x given that the state of nature is w; for j = 1, 2). a

= P(x|wq)and P(x|w,) describe the hypothetical class-conditional \\\
probability density functions for two Classes. P

= How can we make a decision with only the class- 7\
conditional probabilities? J

w1 P(x|wy) > P(x|wy)
= Decide @z Otherwise

= Class-conditional is known as "Maximum Likelihood”.




Bayesian Classifiers:

Posterior Probability

= Computation of a-posteriori probabilities
= Assume known
a-priori probabilities P(w,),P(w,)...,P(wy)
and

Razi University

likelihood probabilities P&lw).i=12...M C
(This is also known as the likelihood of x w.r. t0o w;. ) J
= The Bayes rule ( For M=2)
lw)P(w;) LikelihoodXPriori \
PP (@; %) = PElw)P (@) = P(oylx) = FEAT0 ~ 2 pee ‘”:

For all classes p(x) is same and can be neglected.

= classify according to the rule: | p(x|w;)P(w,) (><)p(x|w;)P(wy)
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Bayesian Classifiers:

\ENEREVES
= NAIVE — BAYES CLASSIFIER

Razi University

= Let *€ %" and the goal is to estimate p(x|w;) fori=1,2, ... M.
For a “"good” estimate of the pdf one would need, say, Nk points.

= Assume X, X, ,..., X, mutually independent. Then: C
p(xlw;) = Hp(lewi) /
a

= In this case, one would require, roughly, N points for each pdf,\)
Thus, a number of points of the order N-k would suffice.

= It turns out that the Naive — Bayes classifier works reasonably
well even in cases that violate the independence assumption.

Dr. A. Fathi, Machine Learning



Naive Bayes Classifier

Razi University

Import numpy as np

Import matplotlib.pyplot as plt

from sklearn.model _selection import train_test_split
from sklearn.metrics import accuracy_score

from sklearn.naive _bayes import GaussianNB

from sklearn.datasets import load _iris

X,y =load _iris(return_X_y=True)
X train, X_test, y train, y_test = train_test_split(X, y, test_size=0.5, random_state=0)

model = GaussianNB|()
model.fit(X_train, y_train)

> 1Va

y _proba = model.predict_proba(X_test) #class probability
y _pred = model.predict(X_test) # class label

acc = accuracy_score(y_test, y_pred) * 100

print(f*"NaiveBayes model accuracy: {acc:.2f}%")
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DISCRIMINANT FUNCTIONS

DECISION SURFACES —

= Discriminant function divides the feature space by a
decision surface

= If R, R; are contiguous: 9@ =P(w;[x) - P(w;]x) =0

R;: P(w; [x)
+ > P(wj|x)

gx)=20

> 1Va

g(x) is the surface separating the regions. On the
one side is positive (+), on the other is negative (-).

It is known as Decision Surface.
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DISCRIMINANT FUNCTIONS

DECISION SURFACES —

= If f () monotonically increasing, the rule remains the
same if we use:

x - w;if: F(P(w; 1) > F(P(aj]x)) Vi #

4

= g, =f(Px) Isadiscriminant function. ~
W

= In general, discriminant functions can be defined /|
independent of the Bayesian rule. P

= They lead to suboptimal solutions, yet, if chosen appropriately, they |
can be computationally more tractable.

= Moreover, in practice, they may also lead to better solutions. This, for
example, may be case if the nature of the underlying pdf’s are
unknown.
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= A linear discriminant function
divides the feature space by a
hyperplane decision surface A

= Decision boundary g(x)=0
corresponds to (d-1)-dimensional
hyperplane in d-dimensional x-space

R>
= The orientation of the surface is

determined by the normal vector w
and the location of the surface is
determined by the bias w,

= We can view Fisher method (LDA) as a
linear discriminant function, too.
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Linear Discriminant Function

Design
= Definition:
= LDF is a function that is a linear combination of the components of x
g(x) = whix + wy
where w is the weight vector and w, the bias, or threshold weight.

Razi University

= Main problem C

= Many methods exist for this purpose, such as:
= Probabilistic Methods

= Error Minimization Methods
Least Mean Squared Error Method
Sum of Squared Error Method
Stochastic Minimization Methods

=« Perceptorn Method
= etc.
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Linear Discriminant Function

Design (Probabilistic Methods)

= Maximum likelihood
= gi(x) = P(x|w;)
= Bayesian Classifier
= gi(x) = P(w;|x)
gi(x) = P(x|w;) P(w;)
gi(x) = In(P(x|w;)) + Ln(P(w;))

Razi University

= Parametric estimation:
= Assume X = {(x;, y;)})*; where x; ~p(x)

= And a form for P(x|w) and estimate w, its sufficient to estimate
statistics, using X

= e.g. p(x)~N(u, 6%) then w = {u, 6%}
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Linear Discriminant Function

Design (Probabilistic Methods)

= Maximum likelihood (with Normal distribution assumption)

Razi University

(x—pi)?
(—=)
» gi(x) = P(x|w;) if P(xlw)~N(u;,0?) - P(x|w;) =\/%aie 20}
2
(5) C
9i(x) = Ln(P(x|w;)) = Ln(=—e i /) -
l P
9:(%) = — L Ln@2m) — Ln(a,) — E=H |
' 2 ‘ 207 A
)2 )
gi(x) = —Ln(o;) — (ng é) by removing fixed common terms
)1 i x € w; o Sy o 2 Ygm)Er]
i o iijewk,kiizui:mi_zjr{ Oi =51 = ¥
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Linear Discriminant Function

Design (Probabilistic Methods)

= Bayesian Classifier (with Normal distribution assumption)
= gi(x) = P(w;|x)

(x—pi)?
9:(0) = P(xlw)P (@) if PGxlw)~N(u;, 0f) - Plxlwy) = \/ﬁe( 207

g:(x) = Ln(P(x|wy)) + Ln(P(w,)) é

(x=my)
9i(x) = Ln(P(x|w;)) + Ln(P(w;)) = Ln (\/;—O_ e< 207 >> + Ln(P(w;)) g
l /\\
—p;i )*

gi(x) = —an(Zn) Ln(o;) — 207 Ln(P(wl))

ﬂl)

l

g;(x) = —Ln(a;) — + Ln(P(w;)) by removing fixed common terms

¥ TI ij]'Ti: 2 ~ Zj(xj_mi)zr{:

: 1 if x; € w;
) = f € o :>P(wz)—]—ﬂi5

L 0 iijEa)k,kil
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Linear Discriminant Function

Design (Probabilistic Methods)

= Parameters Estimation for Multi-Feature Inputs:
= Assume X = {(ii, yl)}iv=1 where }\i = {xill,xi’z, e xi‘K} ~p(x)

Razi University

_x1’1 x1’2 xl’K_
X =|X21 X22 - X2k
_lel lez xN,K_ K
= Mean(X): EX]=p=[u1 M2 -~ Hk]T j
: 1
n Coval‘lance(Xi, X]) O'i,j = Ezll‘f:l(xi’k — [,l,-)(x]-'k — ﬂ]) \
= Correlation(X;, X;): p;j = :‘; A ;‘\
i9%j \)
(011 012 ~ 01K |
= Covariance Matrix(X): £ = E[(X - (X — '] =| %21 0922 ™ T2k
Ok1 Ok2  O9KK
— 1 | Ts—1 )
= x~Nx(2) » PX) = o g sz &P | —5 (X -2 x = )
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Linear Discriminant Function

Design (Probabilistic Methods)

= Maximum likelihood (with Normal distribution assumption)
= if P(x|w;)~N(u;X;)

Razi University

1 1 _

- P(x|w;) = —g—zexp(—5 (x — ) )TE (x — )
(2m)2|%;|2 7
= Discriminant functions are L

gi(x) = log(P(x|w;))) After removing fixed common termS\)

1 1 -1 |
gi(x) = —5log(IZ;D) — 5 (x — i )27 (x — i) '
i |0 iijEa)k,k:/:i Hi = ‘_er{ PEL — YL er{:

= Where the 5; and m; calculated for each class w; using training data
belonging to the class w;
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Linear Discriminant Function

Design (Probabilistic Methods)

= Bayesian Classifier (with Normal distribution assumption)

Razi University

. 1 1 _
o if P(xlw)~N(u, Z) = P(xlo) = —x—exp(—5 (x = )T Z7 (x — 1))
(2m) 2|22

= Discriminant functions are:

gi(x) = log(P(w;|x)) = log(P(x|w;)) + log(P(w))) é
=« After removing fixed common terms \/
1 1 _
gi(x) = —slog(IZ;]) — 5 (x — ;) )'Z; Y(x — ;) +log(P(w)) 7\
)1 if xj € w; _XxT Xy rix—my) (x—m)T Y r}
1'2—{0 iijEwk,k;ti:)”"_zjr{j y X = eré :P(wi)_ N

= Where the 5; and m; calculated for each class w; using training data
belonging to the class w;
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Linear Discriminant Function (LDF)}
Design (Error Minimization Methods)

= Definition:
= LDF is a function that is a linear combination of the components of x
g(x) = wix + wy
where w is the orientation weight vector and w,, is the bias, or threshold

weight. K
= A two-category classifier with a discriminant function of
the above form uses the following rule: g

« Decide w, if g(x) > 0 and w, if g(x) < 0 A
Decide w,if wtx > —w, and w,otherwise \)
The value g(x) of is called functional margin

=« If g(x) = 0 then x can be assigned to either class

The equation g(x) = 0 defines the decision surface that separates points
assigned to the category w,from points assigned to the category w,

When g(x) is linear, the decision surface is a hyperplane.
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Linear Discriminant Function

Design (Augmented Space)

= Consider a linear discriminant function g(x) in feature
space x

Razi University

g(x) = wix + wy
= We can use augmented space to get ride of w, in new
augmented feature space x* which map each data é

Ve

point x in to new augmented space x* according: ~
=[] ana w= [y A
= So the new discriminant function will be: g(x*) = w*x )

= Then:
g(x*) >0 for positive calss
g(x*) <0 formnegative calss
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Linear Discriminant Function

Design (Least Mean Squared Error) — Baual

= The steps to Compute a solution, i1.e., a hyperplane w*

= Define a cost function (J(w*)) to be minimized
= Choose an algorithm to minimize the cost function
= The minimum corresponds to a solution

= We want to choose the w* that minimizes the mean-
squared-error criterion function:

> 1Va

Jw*) = E[ly — g(x")I?] = E|[(y — w*'x*)?]
w* = arg rrvlvi*n](w*)

= y is the corresponding desired responses
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Linear Discriminant Function

Design (Least Mean Squared Error)
= Minimizing
J(w*) w.r. to w”* results in:

Razi University

agw’) 5 . T 2] PRl Ty — g
W ow [((y —w™ x™)*] = 2E[x"(y —x" w")] =

= E[x'x"|w’ = E[x'y] 5 @ = Ry E[x"Y] C
= where R, is the autocorrelation matrix P
| E[xix{]  E[x{x3] Elx1xn] “
O P i I P f\
Elxxi]  Elxx)...  E[xx] <

Elxy]| _

and E[x*y]=| ... |Iis the crosscorrelation vector
E[xny]]
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Linear Discriminant Function

Design (Sum of Squared Error)

= In SSE we want to choose the w* that minimizes the
sum of squared error (SSE) as objective function
= Also known as Pseudo inverse matrix method

Razi University

N
Jw) =) i - wTx)?
i=1

(yi,x;) : training pairs that, the input is x; and its
corresponding class label is y; (£1).

> 1Va
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Linear Discriminant Function

Design (Sum of Squared Error)

= Pseudo inverse Matrix

Razi University

= Define xi Vi
T
X=|2| Wwx@d+1 matrix)y = |---| desired responses
T YN
XT =[x1,%5,...,xy] (an(d+ 1) X N matrix) L
N N N
s X'X= ) xxf and XTX = Z&i Yi 7
i=1 = “
N . 1=1 f\
. Thus O )@= xy)=K"0@=X"y <
J i=1

>w=XX)"1XxTy = X*y

X*=X"X)"'X" | Pseudo inverse of X
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Linear Discriminant Function

Design (Sum of Squared Error)

= Assume N =d+1 - X is square and invertible. Then

XTX)"IXT =X"1XxTXT = X1 o/X* =Xx"1

= Assume N > d+1. Then, in general, there is no solution t(o
satisfy all equations simultaneously: L

(xw =y D
Xw =y {2 = N equations > d + 1 unknowns f\
\&CM = JN \)

= The 'solution” »=X7y corresponds to the minimum
sum of squares solution
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= Example:

0.4
0.6
0.1
0.2
0.3
0.4
0.6
0.7
0.8

0.7

0.5
0.5
0.4
0.7
0.3
0.6
0.2
0.4
0.6
0.5

o

|

w

N

e e et e e e i

0.4] , [0.6

84511 [82

0.61°10.2

andzz

Linear Discriminant Function
Design (Sum of Squared Error)

e

| loal- Lol los]

-

1 1
1 x,
1 28 224 48 |
11 > XTX =224 241 47|,XTy f\\
B 48 47 101 7 )
-1 ~1.6

-1 =l0.1‘

-1 0.0

—1d
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Discriminant Function Design

(Stochastic Minimization)

= We can also use the gradient descent ruIe for updatmg w*

J(w)

instead of analytical solving
w*(new) = w*(old) + Aw*

= Simple Model: ., _,,_,

Xk : Sequence of samples

1
Wi =Wi—1 + 4 (X — Wi—_1) ) f \
\)

k—1 1
Wy = K Wi_1 +Exk=>wk=EZxr

= Widrow-Hoff Learning:
Wy =W T X, (J’;c _xiwk—l)

LMS Method with fixed step size: 0<e< =

trace(R)
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Linear Discriminant Function
Design (Perceptron Method)

» The model is called = ©
perceptron or neuron
w;'s synapses or synaptic weights
wy  threshold > o
A
> Itis a learning machine that learns from the training <
vectors via the perceptron algorithm
w(k+1) = w(k)+ux xeo andwj(k)x-::(} f}‘wfg}c)x‘
w(k)-ux xewmandw (k)x>0 X' X
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Linear Discriminant Function (LDF)}

Linear Machine

= Suppose we have an n-classes classification problem, and we want
to separate them with LDFs (linear discriminant functions).
= If we use the following rule for classification, this is linear machine rule:
Xx€w; gix)>gj(x);Vj+i

'ac: . . - S . (Dl

: freeees L3 f o o

‘s . ‘ I S51¢

:,...'..:-. 2 i £ 9 (D: r CD3 reer CDC

B % . N, - -
. RIS ..l N -
L] S

° > a2 . A | @

i . 2

. By At ~ £,0 0

o e ] ®y, O, o) O \

e argmax —»

/
)

@), sy oy O _

=« If we use the following rule for cIa;sification, this is completely linearly
separation rule:

ifgilx) >0 > xew;jand if gi(x) <0 = x ¢ w;

= The decision regions for linear machine are convex and this
restriction limits the flexibility of the classifier.
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LDA Classifier

Razi University

Import numpy as np

Import matplotlib.pyplot as plt

from sklearn.model _selection import train_test_split

from sklearn.metrics import accuracy_score

from sklearn. discriminant_analysis import LinearDiscriminantAnalysis

from sklearn.datasets import load _iris K
X,y =load iris(return_X_y=True) .

X train, X_test, y train, y_test = train_test_split(X, y, test_size=0.5, random_state=0)

# priors: array of the class prior probabilities. By default (None), the class proportions are inferred from the training d

model = LinearDiscriminantAnalysis(solver='svd’, priors=None) #solver{'svd’, ‘Isqr’, ‘eigen’}, defaun:’?; \
ta.

model.fit(X_train, y_train)

y_proba = model.predict_proba(X_test) #class probability
y _pred = model.predict(X_test) # class label

acc = accuracy_score(y_test, y_pred) * 100

print(f*Multinomial LDA model accuracy: {acc:.2f}%")
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Nonparametric Classification

K Nearest Neighbor (KNN)

= The Nearest Neighbor Classification Rule

= Choose k out of the N training vectors, identify the k
nearest ones to x

=« Out of these k identify k. that belong to class o,

Razi University

. Assignx = w;: k; > kj Vi#j C

= The simplest versionis: k=11 S

= For large N this is not bad. It can be shown that: a

if P; is the optimal Bayesian error probability, then: p
Pp < Pyn < Pg(2 — 37— Ps) < 2Pg

M is the number of classes, and | > % Penn = Pp

= For regression the average of k nearest Neighbor is used.
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KNN Classifier

Razi University

Import numpy as np

Import matplotlib.pyplot as plt

from sklearn.model _selection import train_test_split

from sklearn.metrics import accuracy_score

from sklearn.neighbors import KNeighborsClassifier

from sklearn.datasets import load _iris

X,y =load iris(return_X_y=True)

X train, X_test, y train, y_test = train_test_split(X, y, test_size=0.5, random_state=0)

model = KNeighborsClassifier(n_neighbors=3, weights="uniform’, p=2, metric="minkowski')
#weights{‘uniform’, ‘distance’}, callable or None, default="uniform’

# Default metric is “minkowski”, which results in the standard Euclidean distance when p = 2

> 1Va

model.fit(X_train, y_train)

y_proba = model.predict_proba(X_test) #class probability
y _pred = model.predict(X_test) # class label

acc = accuracy_score(y_test, y_pred) * 100

print(f*Multinomial KNN model accuracy: {acc:.2f}%")
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KNN Regressor
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Import numpy as np

Import pandas as pd

Import matplotlib.pyplot as plt

from sklearn.model _selection import train_test_split

from sklearn.neighbors import KNeighborsRegressor

from sklearn.datasets import fetch_california_housing

california_housing = fetch_california_housing()

X = pd.DataFrame(california_housing.data, columns=california_housing.feature_names)
y = pd.Series(california_housing.target)

X train, X test, y train, y test = train_test_split(X, y, test_size=0.5, random_state=0)

L INA

model = KNeighborsRegressor(n_neighbors=3, weights='uniform’, p=2, metric="minkowski')
#weights{‘uniform’, ‘distance’}, callable or None, default="uniform’

# Default metric is “minkowski”, which results in the standard Euclidean distance when p = 2
model.fit(X_train, y_train)

y _pred = model.predict(X_test)
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Nonparametric Classification

Decision Trees (DT)

= Decision trees are one of the most popular ML tools
= Easy to understand, implement, and use
= Computationally cheap (to solve heuristically)

= Information gain used to select the best attributes
(ID3, C4.5,...)

= Presented for classification,
= can be used for regression
= and density estimation too

= Decision trees will overfit!!!
= Must use tricks to find “simple trees”, e.g.,
Fixed depth/Early stopping
Pruning -
= Or, use ensembles of different trees (Random Forééts)
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Nonparametric Classification

Decision Trees (DT)

= This is a family of non-linear classifiers. They are
multistage decision systems, in which classes are
sequentially rejected, until a finally accepted class is
reached. To this end:

Razi University

= The feature space is split into unique regions in a sequentig
manner. i
W 4

= Upon the arrival of a feature vector, sequential decisio \\
assigning features to specific regions, are performed along a
path of nodes of an appropriately constructed tree. w

= The sequence of decisions is applied to individual features, and
the queries performed in each node are of the type:

is Feature x; < a (Or x; > a)
= where a is a pre-chosen (during training) threshold.
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Nonparametric Classification

Decision Trees (DT)

=« The figures below are such examples. This type of trees is
known as Ordinary Binary Classification Trees (OBCT).

The decision hyperplanes, splitting the space into regions,

are parallel to the axis of the spaces. Other types of partition
are also possible, yet less popular.

(%) ‘
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Nonparametric Classification

Decision Trees (DT)
=« Design Elements that define a decision tree.

Each node, t, is associated with a subset X: € X, where
X is the training set. At each node, X, is split into two
(binary splits) disjoint descendant subsets X;, and X,

where a
XiyN Xin=0 >
iy Y Xin = X /- \

X;y is the subset of X, for which the answer to the query
at node t is YES. X, is the subset corresponding to NO.
The split is decided according to an adopted question

(query).
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Nonparametric Classification

Decision Trees (DT)

A splitting criterion must be adopted for the best split of X,
into X,y and X, .

A stop-splitting criterion must be adopted that controls the
growth of the tree and a node is declared as terminal (leaf).

A rule is required that assigns each (terminal) leaf to(ar
class. -

Set of Questions: In OBCT trees the set of questions is gf)
the type Q)

The choice of the specific x, and the value of the threshoIEI)
a, for each node t, are the results of searching, during
training, among the features and a set of possible
threshold values. The final combination is the one that
results to the best value of a criterion.
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Nonparametric Classification

Decision Trees (DT)

= Splitting Criterion: The main idea behind splitting at each
node is the resulting descendant subsets X;, and X, to be
more class homogeneous compared to X,.. Thus, the criterion
must be in harmony with such a goal.

A commonly used crlterlon is the node impurity (entropy)*

I(t) = ZP(w |t) log, P (w|t) \/
N} “
and P(w;|t) = Fi C\

where N/ is the number of data points in X, that belong to

class @. The decrease in node impurity (Information Gain) is
defined as:

N¢vy Ni N
InformationGain = AI(t) = I(t) — Tl(ty) — TI(tN)
t t
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Nonparametric Classification

Decision Trees (DT)

The goal is to choose the parameters in each node (feature
and threshold) that result in a split with the highest
decrease in impurity (highest Information Gain).

Razi University

Why highest decrease? Observe that the highest value
I(t) is achieved If all classes are equiprobable, i.e, X is the
least homogenous. o

.
= Stop - splitting rule. Adopt a threshold T and stop splitting a

node (i.e., assign it as a leaf), if the impurity decrease is Ie§5
than T. That is, node t is “"pure enough”. |

= Class Assignment Rule: Assign a leaf to a class o , where:
Jj = argmax P(w;|t)
l
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Nonparametric Classification

Decision Trees (DT)

= Remarks:

Razi University

A critical factor in the design is the size of the tree.
Usually one grows a tree to a large size and then
applies various pruning techniques.

é

Y

Decision trees belong to the class of unstabI\E
classifiers.

= This can be overcome by a number of “averagin& \
techniques. Bagging is a popular technique. Using )
bootstrap techniques in X, various trees are constructed, T;,
=1, 2, ..., B. The decision is taken according to a majority
voting rule.
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Decision Trees Classifier
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Import numpy as np
Import matplotlib.pyplot as plt
from sklearn.model _selection import train_test_split
from sklearn.metrics import accuracy_score
from sklearn.tree import DecisionTreeClassifier, plot_tree
from sklearn.datasets import load _iris
X,y =load iris(return_X_y=True)
X train, X_test, y train, y_test = train_test_split(X, y, test_size=0.5, random_state=0)
model = DecisionTreeClassifier(criterion="'entropy')
model.fit(X_train, y_train)
y _pred = model.predict(X_test) # Test Samples class label
acc = accuracy_score(y_test, y_pred) * 100
print(f*Multinomial Logistic Regression model accuracy: {acc:.2f}%")

> 1Va

# Visualize the decision tree

plt.figure(figsize=(12, 8))

plot_tree(model, feature_names=X.feature_names, class_names=y.target_names, filled=True)
plt.show
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Nonparametric Classification

Decision Trees (ID3)

= In decision tree learning, ID3 (Iterative Dichotomiser
3) is a greedy algorithm invented by Ross Quinlan used

to generate a decision tree from a dataset.

« ID3 is the precursor to the C4.5 algorithm.

« The 3 in the name is meant to signify that this was Quinlan's thl,;d'
attempt at a model based on entropy-based splitting,

= and the term dichotomiser is a misnomer as it implies a binary spTit
but the ID3 algorithm can split on multi-valued attributes. /

= Some key concepts of ID3: a
« Decision Tree Learning: Represents classification logic using a tree structur(i)
« Entropy: Measures impurity or randomness in the target variable. ‘
« Information Gain: Quantifies reduction in entropy after a split.

Syl

InformationGain(S,A) = Entropy(S) — ). — . Entropy(S,)
veValues(A) S| y

= Greedy Approach: Chooses the best split at each step without backtracking.
« Categorical Attributes: Originally designed for categorical features.
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Nonparametric Classification

Decision Trees (ID3)

= |ID3(S, Attributes):
Input: S the set of Examples Attrib_utes is the set of measured attributes

Razi University

1. If all examples are have same label:
Return a single node tree with the label

2. Otherwise
1. Create a Root node for tree \C
2. A= attribute in Attributes that best classifies S | . .1e what to do for each \/
3. for each possible value v of that A can take: value the root attribute takes

1. Add a new tree branch for attribute A taking value v f \
2.Let S, be the subset of examples in S with A=v ,‘
3.ifS, isempty: ~ \)

add leaf node with the common value of LabeImSWhV’ _______________________________

Else: . For generalization at test time

below this branch add the subtree ID3(S,, Attributes - {A})

............................................................................

4. Return Root node ' Recursive call to the ID3 .
- algorithm with all the remaining
. attributes ‘
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Nonparametric Classification

Decision Trees (C4.5)

= C4.5 is an improved extension of the ID3 algorithm. It
is designed to overcome several limitations of ID3,
such as:
= handling continuous attributes,
= Managing missing values a

= and reducing bias toward attributes with many values by usmg
Gain Ratio instead of Information Gain.

= Uses Gain Ratio as the splitting criterion to reduce bi?s\
toward attributes with many distinct values.

= Can handle both categorical and continuous attribute‘s,)
making it more flexible than ID3.

= Applies post-pruning techniques to simplify the tree
and reduce overfitting.
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Nonparametric Classification

Decision Trees (C4.5)

= How CA4.5 Builds the Decision Tree
= Stepl: Initialize Root Node
The entire dataset is placed at the root node containing all training samples.

= Step 2: Compute Information Gain

Information Gain is calculated for each attribute to measure how much (
entropy decreases after a split.

= Step 3: Compute Split Information

Split Information measures how the dataset is distributed across differen
branches after splitting. s \

Split Information = — : | Di I><lo (ﬂ)
D] 92\1p | )

= Step 4: Calculate Gain Ratio

Gain Ratio normalizes Information Gain to avoid bias toward attributes with
many distinct values.

. . _ Information Gain
Gain Ratio = Split Information
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Nonparametric Classification

Decision Trees (C4.5)

= Step 5: Select Best Attribute and Split

The attribute with the highest Gain Ratio is selected and the dataset is
divided into subsets based on its values.

= Step 6: Repeat Recursively
The same process continues for each subset until nodes become pure or ng
attributes remain, followed by post-pruning to simplify the tree. -

W 4
= Limitations A
= C4.5 can still overfit noisy datasets, even though pruning <)

reduces this issue.
= The algorithm may become computationally expensive when
dealing with very large datasets or many features.

= Decision trees generated by C4.5 can become complex and
difficult to interpret when the tree grows too deep.
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Nonparametric Classification

Decision Trees Pruning

= Reduced-Error Pruning
= Split data into training and validation set

= Do until further pruning is harmful:

1. Evaluate impact on validation set of pruning each possible node
(plus those below it)

2. Greedily remove the one that most improves validation set
accuracy

= produces smallest version of most accurate subtree
= What if data is limited?

= Rule Post-Pruning
= 1. Convert tree to equivalent set of rules
= 2. Prune each rule independently of others
= 3. Sort final rules into desired sequence for use

= Perhaps most frequently used method (e.g., C4.5)
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Decision Trees ID3 Classifier

Razi University

# 1D3 dose not implemented in SciKit Learn Package, and one should implement it as
below:
Import numpy as np
class DecisionTreelD3:
def __init__(self):
self.tree = None

def fit(self, X, y, attributes=None):
self.tree = self._id3(X, y, attributes if attributes is not None else list(X.columns))

def _entropy(self, y):
values, counts = np.unique(y, return_counts=True)
probabilities = counts / counts.sum()
return -np.sum(probabilities * np.log2(probabilities))

def _information_gain(self, X, y, attribute):
total_entropy = self._entropy(y)
values, counts = np.unique(X[attribute], return_counts=True)

> 1Va

weighted_entropy = sum((counts[i] / np.sum(counts))* self._entropy(y[X[attribute] == values]i]]) foriin
range(len(values)))

return total_entropy - weighted_entropy
def predict(self, X):

results =]

for _, row in X.iterrows():

s append Dredi O\ s oe
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Decision Trees ID3 Classifier

Razi University

def _predict(self, row, tree):
if not isinstance(tree, dict):
return tree
attr = next(iter(tree))
if row[attr] in tree[attr]: return self._predict(row, tree[attr][row[attr]])
else: return None # handle unseen attribute values

def _id3(self, X, y, attributes):
if len(np.unique(y)) == 1: return np.unique(y)[0]
if len(attributes) == 0: return y.mode()[0]

gains = [self._information_gain(X, y, attr) for attr in attributes]
best_attr = attributes[np.argmax(gains)]

tree = {best_attr: {}}
attributes = [attr for attr in attributes if attr != best_attr]

> 1Va

for value in np.unique(X[best_attr]):
subset X = X[X[best_attr] == value]
subset y =y[X[best_attr] == value]
subtree = self._id3(subset_X, subset_y, attributes)
tree[best_attr][value] = subtree

return tree
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Decision Trees Regressor
= A Decision Tree Regressor is used to predict continuous

values such as prices or scores using a tree-like

structure.
=« It splits the data into smaller groups based on simple rules
derived from input features, helping reduce prediction errors. d

= At the end of each branch, called a leaf node, the model B
outputs a value /
i.e., usually the average of that group. 7 \\

= For example, to predict house prices using features like’
size, location, and age, the tree may first split by
location, then by size and finally by age.
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Decision Trees Regressor

Razi University

Import numpy as np

Import pandas as pd

Import matplotlib.pyplot as plt

from sklearn.model _selection import train_test_split

from sklearn.tree import DecisionTreeRegressor

from sklearn.datasets import fetch_california_housing

california_housing = fetch_california_housing()

X = pd.DataFrame(california_housing.data, columns=california_housing.feature_names)
y = pd.Series(california_housing.target)

X train, X test, y train, y test = train_test_split(X, y, test_size=0.5, random_state=0)

model = DecisionTreeRegressor(max_depth=4, random_state=42)
model.fit(X_train, y_train)

> 1Va

y_pred = model.predict(X_test)

mse = mean_squared_error(y_test, y pred)
print(f"Mean Squared Error: {mse:.4f}")
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Nonparametric Classification N
Support Vector Machine (SVM) el

= Support Vector Machine (SVM) is a supervised learning
method used for Classification, Regression and Outliers
detection.

= Advantage of SVM:
=« Effective in high dimensional spaces. éa

= Still effective in cases where the number of dimensions is greatetj\
than the number of samples. ‘

= Uses the subset of training points in the decision function (called
support vectors), so it is also memory efficient.

=« Different kernel can be employed for non-linear decision function\)
(common kernel are provided, bub it is possible specify custom kernels)
= Disadvantage of SVM:

=« If the number features is much greater than the number of
samples, regularization is crucial and some kernels may overfit.

= SVMs do not directly provide probability estimation.
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Nonparametric Classification

Support Vector Machine (SVM)

Razi University

= Separable Classes

If we have two-class (w;, w,) linearly separable and x = {x;,i = 1,2, ..., N}

as feature vectors of the training set, then we design linear classifiers as:
gx) =wix+b

To correctly classifies all the training vectors. Such a hyperplane is not (

unique. The learning algorithm may converge to any one of the possible
solutions.

Let us now quantify the term margin that a hyperplane leaves from bothJ

classes. f \

Every hyperplane is characterized by its direction (determined by w) and its
exact position in space (determined by b). Since we want to give no <
preference to either of the classes, then it is reasonable for each direction
to select that hyperplane which has the same distance from the respective
nearest points in w; and w,.

Our goal is to search for the direction that gives the maximum possible
margin.
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Nonparametric Classification

Support Vector Machine (SVM)

kazi University

*denotes +1

- denotes -1
é
How would \/
you classify |
this data? 8 ,‘\
»
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Nonparametric Classification

Support Vector Machine (SVM)

kazi University

*denotes +1

- denotes -1
é
How would \/
you classify |
this data? 8 ,‘\
»
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Nonparametric Classification

Support Vector Machine (SVM)

kazi University

*denotes +1
- denotes -1

How would
you classify
this data?

OV
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Nonparametric Classification

Support Vector Machine (SVM)

kazi University

*denotes +1

- denotes -1
é
How would \/
you classify |
this data? 8 ,‘\
»
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Nonparametric Classification

Support Vector Machine (SVM)

kazi University

*denotes +1
- denotes -1

Any of these C
would be fine.. .

2
..but which is /"
the best? <9

a\
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Support Vector Machine (SVM)

Classifier Margin

*denotes +1
- denotes -1 Define the margin
of a linear
classifier as the _—
width that the
boundary could /be\
increased by |
before hitting a =

data point.

Dr. A. Fathi, Machine Learning



Support Vector Machine (SVM)

Maximum Margin

f(xw,b) = sign(w. x - D)

*denotes +1

- denotes -1 ’ The maximum
e margin linear

classifier is the _—
Support linear classifier
\ectors are with the maximlfm\
those data margin. |
points that This is the )
the margin simplest kind of
pushes up SVM (Called an
against / ~___LSVM)

Linear SVM
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Support Vector Machine (SVM)

Estimate the Margin

= What is the distance expression for a point x to a line

wx+b= 0 ?
= Consider some point x.

= Let d be the vector from % to x. wx tb =0
= Let x,, be the projection of x on #, '
then x, =x-d

« disparalleltow,sod=aw ,a€cR \/
= x, € H impliesw.x, + b = 0 therefore |
xp+tb=w.(x—d)+b=0 f\

w.(x—aw)+b=0 - a= W";+b / . ccllenottes +11‘\)
wow - denotes -
= The length of d:

xX-w+b X -w+b
ld(x)| =+dTd \/aszW—l | = | |
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Support Vector Machine (SVM)

Estimate the Margin

Razi University

* denotes +1
° denotes -1

Margin I%

> 1Va

= What is the expression for margin?

. . _|x-w+D
margin = min d(X) = min

XED XED Zd W.Z
1=1""1
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Support Vector Machine (SVM)

Maximize Margin

“denotes +1
° denotes -1

Margin %

/

arg max margin(w, b, D)
w,b
= arg max min d(X;)
w,b X;€ED

|W.Xi + bl

= arg max min
w,b X;€ED

Razi University

> 1Va
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Support Vector Machine (SVM)

Maximize Margin

Razi University

“denotes +1
° denotes -1

Margin / ~
W
A
W.X; + b w
arg max rréiDn| l | )
b Xi
" N, wi

subjectto Vx; € D:y;(w.x; +b) > 0

= Min-max problem - game problem
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Support Vector Machine (SVM)

Maximize Margin

Razi University

°“denotes +1

" denotes -1 . wx +b =0
| o . - ~ |w.x; + b
arg max min
. w,b X;€D d WZ
° i=1 Wi
Marain r - subjectto Vx; € D:y;(w.X; + b) 2Q\

Strategy: if we set vx; € D: |w.x; + b| =1 then min|w.x; + b| I;‘\

X;€D \)
. . _ 1 . 1
arg max min = arg max min|w.x; + b| = arg max X 1
wh  XED Jyd w2 wb o [nd w? XiED wh |z w?

. / 1 1
= arg min_|Y{, w/ = arg min_ Y, w? = arg min ; lw||%
w,b

w,b w,b

subjectto Vx; € D:y;(w.x; + b) =1
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Support Vector Machine (SVM)

Maximum Margin Linear Classifier

Razi University

d 1
{w*, b*}=arg min— w? = arg min = ||w||?
w,b i=1 w.b 2

subjectto Vx; € D:y;(w.x; + b) = 1

(
= Primal optimization algorithms and Dual Lagrange -
function can be used for this problem. P
a

= Also, quadratic programming is a well-studied class of d
optimization algorithms can be used to maximize a
quadratic function of some real-valued variables
subject to linear constraints.
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Support Vector Machine (SVM)

Convex optimization problem

Razi University

= Primal optimization problem

arg min f(x) subjectto Vi:c;(x) <0
X

= Lagrange function
Ly(x,a)=f(x)+— )  aicx)
= First order optimality conditions in x
N
9L, (x, @) = D, f(x) + —Z 0;0,c:(x) = 0

=1

> 1Va

= Solve for x and plug it back intoL,

argmax L, (x(a), a)
a

(keep explicit constraints)
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Support Vector Machine (SVM)

Dual Problem

= Primal optimization problem

Razi University

arg min%llwll2 subjectto Vx; € D:y;(w.x; + b) = 1

w,b
= Lagrange function Constriants
1 N / d
Lwba =5Iwl*-)  «alwx)+h=1) -
=1 /
_1 2 N N

= Optimality in w, b is at saddle point with Lagrange multipliers a
= Derivatives in w, b need to vanish:

oL
P __ _ N
w 0 - W= D01 ViX;
oL
T _ N o v = _
ab 0 - Zl=1 a; yi = 0 (W, xi>—w. Xi
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Support Vector Machine (SVM)

Dual Problem
= Plugging terms back into L,:

1
arg max — Ezi,j al-ajyl-yj(xi,x]-) +
a

subjectto); a;y; =0and a; = 0

a; = 0 for non-support vectors Zazyz xt

o; # 0 for support vectors ' .' a; >0 = SUpport ve@ |
= Weight vector w as weighted linear combination of instances /- \
= Only points on margin matter (ignore the rest and get same D

solution) ‘

= Only inner products matter
= Quadratic program
= We can replace the inner product by a kernel

= Keeps instances away from the margin
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LinearSVM Classifier

Razi University
Import sklearn.preprocessing as StandardScaler # need for scaling dataset
from sklearn.svm import LinearSVC
iImport matplotlib. pipeline as make_pipeline
from sklearn.metrics import accuracy_score
from sklearn.datasets import load _iris

X,y =load iris(return_X_y=True)
X train, X_test, y train, y_test = train_test_split(X, y, test_size=0.5, random_state=0)

model = make_pipeline(StandardScaler(), LinearSVC(random_state=0, tol=1e-5))
model.fit(X_train, y_train)

> 1Va

y_pred = model.predict(X_test) # Test Samples class label

acc = accuracy_score(y_test, y_pred) * 100
print(f*Linear SVM model accuracy: {acc:.2f}%")
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Support Vector Machine (SVM)

Soft Support Vectors

= Not linearly separable

> denotes +1
- denotes -1

1
arg min; wl|? + CYN &

w,b
subject to
Vi yi @ %+ b) = (1— &) C
Vi:g; =0 i \/
then A
Vi:a;(y;(W-% +b)—(1—¢g)) =0 : )
= Soft Error is: N &

= New Primal loss function:

1
L, = E”WHZ +CY e =Y ai[yi(w,x) + b) — (1 — &)] = XL, e
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Support Vector Machine (SVM)

Soft Support Vectors

= Optimality in w, b, ¢; is at saddle point with a, u
= Derivatives in w, b, £; need to vanish

oL
a_‘:: =W — Zliv=1 a; yix; =0 '~ ;%@m.
Se ¥ @y =0 o %o
ap  &i=1 a; Yi = ® ® ’ ()
aL g |
31.9=C_ai_ﬂi=0 O K
" i [, )+ — 1] = 0 +o 21
a; [y [(w, ;) +b] + & —ﬂ.g].;o 0<a;<C = y; [(w,a;) + 5] = 1
= Plugging terms back into L,: 0= C = yi [(w,z) +H] < 1

1
arg max —-; ; oy yi{x, X ) + X a
a bound influence
subjectto);; a;v; = 0 and ‘a; € [0, C]

Cis aregularization

Dr. A. Fathi, Machine Learning



Soft SVM Classifier

Import matplotlib.pyplot as plt
from sklearn.svm import SVC
from sklearn.datasets import load _breast _cancer

from sklearn.inspection import DecisionBoundaryDisplay

cancer = load_breast_cancer() = .
X = cancer.data[:, :2]

y = cancer.target

model = SVC(kernel="linear", C=1) 30 -
model.fit(X, y)

Razi University

35 A

25 A
#y pred = model.predict(X_test) # Test Samples

mean texture

DecisionBoundaryDisplay.from_estimator( .

model, X, response_method="predict", 15 -
alpha=0.8, cmap="Pastell",
xlabel=cancer.feature _names[0], : : . ;
10 15 20 25
ylabel=cancer.feature_names[1]) mean radius
plt.scatter(X[:, 0], X[:, 1], c=y, s=20, edgecolors="k")
plt.show()
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Support Vector Machine (SVM)

Kernel Functions

= The standard (linear) SVM can only classify data that is
linearly separable, meaning a straight line can separate
the classes (in 2D) or a hyperplane (in higher dimensions).

= Non-linear SVM extends SVM to handle complex, non-
linearly separable data using kernels. @

—

= Instead of extracting new features or explicitly transforming .
data, the kernel computes dot products in a higher-dimensional’
space, helping the model find patterns and separate complex
data more easily. 8 \

=« Problem: <
=« Extracting features can sometimes be very costly.
= Solution:

= Don’t compute the features, try to compute dot products
implicitly. (For some features this works)
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Support Vector Machine (SVM)

Kernel Functions

= We got nonlinear functions by preprocessing input x by
basis function: z=¢(x) g(z)=w.z;+b

At
= Method TN
= Map data into feature space x - ¢(x) )
= Solve problem in this space g(x;) =w.¢(x;) + b
= Query replace (x;, x; ) by (¢(x;), ¢(x;)) for code L5 \
= Solution in span of ¢(x;) N EE NI
s w=3N 0 iz = B @ yid(x)) AV

= gx) =w.¢p(x)+ b =};a;y(P(x;), p(x)) = X; a;y;i K (x;, x
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Support Vector Machine (SVM)

Kernel Functions

= Not all functions are kernel functions
= Need to be decomposable by dot product: K(x, x’) = ¢(x) - ¢(x’)

= Mercer’s condition

= To expand Kernel function K(x,x") into a dot product, K(x, x") has to be
positive semi-definite function, i.e., for any function f{x) whose [ f? (x)glf

is finite, the following inequality holds:

Razi University

| dxayf oK) = 0 D
= Simple trick for checking Mercer’s condition a ‘\
= Compute the Fourier transform of kernel and check that it is nonnegative.\)

= Pro
= Introducing nonlinearity into the model
=« Computational cheap

= Con
= Still have potential overfitting problems
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Support Vector Machine (SVM)

Kernel Functions

= There are several basis functions that can be made
practical by finding the right Kernel Function k(x, x0):
= Linear: K(x,x") = (x,x") = x. x'
Polynomial: K(x,x") = (y(x,x') + )% r>0,d €N
Laplacian RBF (Radial-Basis-Function): K(x,x") = exp(—yllx —x'Il)
Gaussian RBF (Radial-Basis-Function): K(x,x") = exp(=yllx — x'||?) ~_
B-Spline: K(x,x") = By,,+1(x — x") P
Sigmoid (Neural-net) Function: K(x,x") = tanh(y{x,x") + r) f\\

Linear Kernel Polynomial of order 3 Laplacian Kernel Gaussian Kernel

1
1

K(x,y) for x
Kx,y) forx=1I

1

K(x:y) .fbr X
Kx,y) forx

,,,,,,,
777777777777777777777777777777777777777777777777777777777777
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Support Vector Machine (SVM)

Nonlinear Kernels

Example: SVM with Polynomial of Degree 2 Example: SVM with RBF-Kernel
Kernel: K.%) = (}-%+11 Kernel: k%.2) = exp(-|}-%|"/c%)

plot by Bell SVM applet plot by Bell SVM applet
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SVM (RBF) Classifier

Import sklearn.preprocessing as StandardScaler # need for scaling dataset
iImport matplotlib. pipeline as make_pipeline

from sklearn.model _selection import train_test_split

from sklearn.metrics import accuracy_score

from sklearn.svm import SVC

from sklearn.datasets import load _iris

X,y =load iris(return_X_y=True)

X train, X_test, y train, y_test = train_test_split(X, y, test_size=0.5, random_state=0)

model = make_pipeline(StandardScaler(), SVC(kernel="rbf', C=1, gamma=0.5))
#kernel can also be ‘poly’, ‘linear’ and ‘sigmoid’

> 1Va

model.fit(X_train, y_train)

y _pred = model.predict(X_test) # Test Samples class label

acc = accuracy_score(y_test, y_pred) * 100
print(f*RBF kernel SVM model accuracy: {acc:.2f

Dr. A. Fathi, Machine Learning



SVM (Polynomial) Classifier

Import numpy as np

Import matplotlib.pyplot as plt

from sklearn.model _selection import train_test_split
from sklearn.metrics import accuracy_score

from sklearn.svm import SVC

from sklearn.datasets import make_moons

Razi University

X,y =X,y =make_moons(n_samples=500, noise=0.1, random_state=42)

X train, X_test, y train, y_test = train_test_split(X, y, test_size=0.

model = make_pipeline(StandardScaler(),

SVC(kernel="poly', degree=3, C=1, gamma=0.5, coef0=1))

# degree and r=coef0 control the curve of the boundary
model.fit(X_train, y_train)

1.5 A

1.0 1

0.5 1

y _pred = model.predict(X_test)

acc = accuracy_score(y_test, y_pred) * 100
print(f*Polynomial kernel SVM model accuracy: {acc:.2f}%")

_1_5 .

C
L
3, random_state=42) -
W 4

Non-linear SVM with Polynomial Kernel

Click to enlarge

-2 -1 0 1 2 3
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Support Vector Machine (SVM)

Multi-class Classification

= SVMs can only handle two-class outputs (i.e. a
categorical output variable with arity 2).

= What can be done?
= Answer: with output arity N, learn N SVM’s w,

(one-versus-rest) —
= SVM 1 learns "Output==1" vs "Output!=1" , *
SVM 2 learns "Output==2" vs "Output I= 2" .

Razi University

I

SVM N learns “Output==N" vs “Output != N” * y

Then to predict the output for a new input, just predict with
each SVM and find out which one puts the prediction the
furthest into the positive region.

= Also, we can use one versus one stratec
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Multi-class SVM Classifier

Import numpy as np

Import matplotlib.pyplot as plt

from sklearn.model _selection import train_test_split

from sklearn.metrics import accuracy_score

from sklearn.svm import SVC

from sklearn.datasets import load _iris

X,y =load iris(return_X_y=True)

X train, X_test, y train, y_test = train_test_split(X, y, test_size=0.5, random_state=0)

Razi University

model = SVC(decision_function_shape='ovo’,
kernel="poly', degree=3, C=1, gamma=0.5, coef0=1)
# OVO: One-versus-one or ovr.one-versus-rest

NV

model.fit(X_train, y_train)

sepal width (cm)

y _pred = model.predict(X_test)
acc = accuracy_score(y_test, y_pred) * 100 sepal length (cm)
print(f*Multi-class SVM model accuracy: {acc:.2f
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Support Vector Machine (SVM)

Regression

= The method of Support Vector Classification can be
extended to solve regression problems. This method is
called Support Vector Regression.
=« The model produced by support vector classification (as described

above) depends only on a subset of the training data, because the cos

function for building the model does not care about training points that\
lie beyond the margin.

= Analogously, the model produced by Support Vector Regression depe
only on a subset of the training data, because the cost function |gnor¢” \
samples whose prediction is close to their target. <5

= There are three different implementations of Support
Vector Regression: SVR, NuSVR and LinearSVR.
= LinearSVR provides a faster implementation than SVR but only considers

the linear kernel, while NuSVR implements (limits the number of SVs) a
slightly different formulation than SVR and LinearSVR.
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Decision Trees Regressor

Import numpy as np

Import matplotlib.pyplot as plt

from sklearn.model _selection import train_test_split

from sklearn.svm import SVR  #Also can use LinearSVR or NUSVR
from sklearn.datasets import fetch_california_housing

Razi University

california_housing = fetch_california_housing()

X = pd.DataFrame(california_housing.data, columns=california_housing.feature_names)
y = pd.Series(california_housing.target)

X train, X test, y train, y test = train_test_split(X, y, test_size=0.5, random_state=0)

model = SVR()
model.fit(X_train, y_train)

> 1Va

y_pred = model.predict(X_test)

mse = mean_squared_error(y_test, y pred)
print(f"Mean Squared Error: {mse:.4f}")
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Nonparametric Classification

Artificial Neural Network (ANN)

= Biological networks achieve excellent recognition
performance via dense interconnection of simple
computational elements (neurons)

Razi University

= Number of human neurons ~ 1019—- 1012

= Number of interconnections/neuron ~ 103— 104 C
= Total number of interconnections ~ 1014 \/
7\

= Massive parallelism is essential for complex |
recognition tasks (e.g., speech & image recognition)

= Humans take only a few hundred milliseconds for most
cognitive tasks; this suggests parallel computation in human
brain
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Nonparametric Classification

Artificial Neural Network (ANN) Bl

= Nodes in neural networks are simple computational
nonlinear elements, typically analog

XN, d

Xy X __ e

2\(} 'Y (output) Y = f(zzl w;ix; — 6)
1=

oy

where 6 is internal threshold or offset

> 1Va

= Feed-forward networks with one or more layers
(hidden) between input & output nodes

= Networks are trained by back-propagation training
algorithm
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Nonparametric Classification

Artificial Neural Network (ANN)

= A multi-layer-perceptron (MLP) network can generate
arbitrary complex decision regions

Razi University

0 c outputs /
dinputs  First hidden layer  Second hidden layer f\
NH; input units NH, input units

= This is capable to classify vectors into classes consisting ofj
ANY union of polyhedral regions.

=« Intersections of these hyperplanes form regions in the
|-dimensional space.

Each region corresponds to a vertex of the H, unit hypercube.



Nonparametric Classification

Artificial Neural Network (ANN)

=« The reasoning

For each vertex,
corresponding to class, say
A, construct a hyperplane
which leaves THIS vertex

on one side (+) and ALL the
others to the other side (-). ;

The output neuron realizes
an OR gate

= Overall:

The first layer of the network forms the hyperplanes, the
second layer forms the regions and the output neuron forms
the classes.
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Nonparametric Classification

Artificial Neural Network (ANN)

= The Backpropagation Algorithm

= This is an algorithmic procedure that computes the
synaptic weights iteratively, so that an adopted cost
function is minimized (optimized)

= In a Ilarge number of optimizing procedures,

Razi University

computation of derivatives are involved. Hence, -
discontinuous activation functions pose a problem, i.e.,
f(x)={(1) o a

= There is always an escape path!!! <

1
1+exp(—ax)

is an example. Other functions are also possible and in
some cases more desirable.
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Nonparametric Classification

Artificial Neural Network (ANN)

Razi University
J{x)
1

a —
3 aZ*/al/[
/
a,>a,>a,
~
0

= Common Alternatives:

> 1Va

1
= Sigmoid f(x) = Tr 7> 1) =f)(1-f(x))!

X X

« Hyperbolic f(x) = o o fl(x) =1-f(x)?

=« Linear f)=x=>f'(x)=1
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Nonparametric Classification
Artificial Neural Network (ANN)

= The steps:
Adopt an optimizing cost function (J(w)), e.g.,
= Least Squares Error
= Relative Entropy

between desired responses and actual responses of the /
network for the available training patterns.

That is, from now on we have to live with errors. We only)
try to minimize them, using certain criteria. f\

Adopt an algorithmic procedure for the optimization of <5
the cost function with respect to the synaptic weights
e.g.,

= Gradient descent  wji(new) = wj (old) + AwjwhereAw] =
= Newton’s algorithm

= Conjugate gradient

Dr. A. Fathi, Machine Learning
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Nonparametric Classification

Artificial Neural Network (ANN)

= The Procedure:

Razi University

Initialize unknown weights randomly with small values.

Compute the gradient terms backwards, starting with the
weights of the last (3"9) layer and then moving towards the first

Update the weights a
Repeat the procedure until a termination procedure is met
Py

= Two major philosophies:

Batch mode: The gradients of the last layer are computed once
ALL training data have appeared to the algorithm, i.e., by
summing up all error terms.

Pattern mode: The gradients are computed every time a new
training data pair appears. Thus gradients are based on
successive individual errors.
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Some Important Points

= Algorithm Termination:
= Condition on Cost function (J<g)

= Condition on Gradient of Cost Function (Grad(J) <g) —Between
two successive Epochs

= Small Changes in Weights! -

Ve

Razi University

= Problem with Local Minimum: P
= Problem comes from high complexity of mapping function f\\
= Solving methods:

Re-Initialization <
Add white noise to data

Change the cost function
Data Re-Shuffling (some case!)

Dr. A. Fathi, Machine Learning



Some Important Points

= What do, when see no improvement in cost function:
= Add complexity is NOT best and first choice!
= A common case is local minima!
= Add complexity if required!

Razi University

= How to use from our data:

= For large dataset (Holdout Method)
Training Set:
=« Estimation Set
= Validation Set
Test Set
= For small dataset (Leave-One-Out Method):

Use N-1 samples for training and 1 excluding for testing (N possible
experiments) and choose the best one!

Dr. A. Fathi, Machine Learning

> 1Va



Some Heuristic Interpretation

= For large Dataset uses Pattern-Mode
= Problem of Correlated data in Batch-Mode

Razi University

= Use Valuable Training set (Rich-Contents):
= Use Samples with high training Errors
= Use Samples which differ from others
= Random Re-shuffling in each Epoch
=« Train hard samples (High Training Error) more

> 1Va

= Use Anti-Symmetric (odd) function:

a=1.71508=0.6667 f=-f(-1) =1
f(x) = atanh(fx) > £1(0) = ap = 1.1424

f"(1) = Maxf"(x)
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Some Heuristic Interpretation

= Normalized output [0 1], [-1 +1]
= Consider a margin [g,1-¢], [-1+€, 1-€]
= Former example: €=0.7159->[-1 +1] as target!

Razi University

= Input Normalization, zero mean
= Input Whitening (Uncorrelated data), PCA/KL Transform

= Normalized to unique Covariance value (Same Speed of
convergence for each dimension)

« Gram-Schmidt orthogonalization

> 1Va

= Initialization
= Medium value for all weights (Problem with large and small values)
= Uniform (0,02)
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Gram-Schmidt_process.htm

Multi-class MLP-ANN Classifier

Razi University

Import numpy as np

Import matplotlib.pyplot as plt

from sklearn.model _selection import train_test_split

from sklearn.metrics import accuracy_score

from sklearn. neural _network import MLPClassifier

from sklearn.datasets import load _iris

X,y =load iris(return_X_y=True)

X train, X_test, y train, y_test = train_test_split(X, y, test_size=0.5, random_state=0)

model = MLPClassifier(random_state=1, max_iter=1000, hidden_layer_sizes=(100,50))
#ANN with two hidden layers: the first with 100 neurons and the second with 50 neurons

> 1Va

model.fit(X_train, y_train)

y _pred = model.predict(X_test)
acc = accuracy_score(y_test, y_pred) * 100
print(f*Multi-class MLP model accuracy: {acc:.2f}%")
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Combining Classifiers

= Just like different features capturing different
properties of a pattern, different classifiers also capture
different structures and relationships of these patterns
in the feature space.

= An empirical comparison of different classifiers can help us choose oqe/
of them as the best classifier for the problem at hand. .

« However, although most of the classifiers may have similar error rates, |
sets of samples misclassified by different classifiers do not necessar'rls/
overlap.

= Not relying on a single decision but rather combining the advantages of
different classifiers is intuitively promising to improve the overall
accuracy of classification.

= Such combinations are variously called combined
classifiers, ensemble classifiers, mixture-of-expert
models, or pooled classifiers.
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Combining Classifiers

= In summary, we may have different feature sets,
training sets, classification methods, and training
sessions, all resulting in a set of classifiers whose
outputs may be combined.

Razi University

d
= Combination architectures can be grouped as: ~

= Parallel all classifiers are invoked independently and then their/
results are combined by a combiner. \

« Serial (cascading): individual classifiers are invoked in a Imear\)
sequence where the number of possible classes for a given
pattern is gradually reduced.

« Hierarchical (tree): individual classifiers are combined into a
structure, which is similar to that of a decision tree, where the
nodes are associated with the classifiers.
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Combining Classifiers

= Selecting and training of individual classifiers:

= Combination of classifiers is especially useful if the individual
classifiers are largely independent.

This can be explicitly forced by using different training sets,
different features and different classifiers. d
= classifier combination schemes : S~

= Majority voting (each classifier makes a binary decision (voteD
about each class and the final decision is made in favor of the
class with the largest humber of votes), a

= Sum, product, maximum, minimum and median of the posterior
probabilities computed by individual classifiers,

= Class ranking (each class receives m ranks from m classifiers,
the highest (minimum) of these ranks is the final score for that
class),

= Weighted combination of classifiers.

Dr. A. Fathi, Machine Learning

Razi University



Combining Classifiers
= Combining Classifiers

Razi University

The basic philosophy behind the combination of different
classifiers lies in the fact that even the “best” classifier fails
in some samples that other classifiers may classify correctly.
Combining classifiers aims at exploiting this complementaﬁ
information residing in the various classifiers. ~

W 4
Thus, one designs different optimal classifiers and tI)en\
combines the results with a specific rule. d

= Assume that each of the L designed classifiers provides at
its output the posterior probabilities:

P(wi|x),i=1,2,....M
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Ensemble Classifiers

Combination Rules

Majority Voting Rule: Assign x to the class for which there

Is a consensus or when at least /. of the classifiers agree
on the class label of x where:

(1.
§+ 1, L - even

te=91+1 é
—, L — odd W

Product Rule: Assign x to the class w;: i = argmax [T}_; P;j(wklx) \
k |

where P;(wy|x) is the respective posterior probability of the ji classifier.
Sum Rule: Assign x to the class w;: i = aII;g max Z§=1 Pj(wk|g)
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Ensemble Voting Classifier

from sklearn.model _selection import train_test_split

from sklearn.metrics import accuracy_score

from sklearn.neural_network import MLPClassifier

from sklearn.svm import SVC

from sklearn. linear_model import LogisticRegression

from sklearn.ensemble import VotingClassifier

from sklearn.datasets import load _iris

X,y =load _iris(return_X_y=True)

X train, X _test, y train, y_test = train_test_split(X, y, test_size=0.5, random_state=0)

mlpmodel = MLPClassifier(hidden_layer_sizes=(100))

svmmodel = SVC()

LRmodel = LogisticRegression()

model = VotingClassifier(estimators=[(‘'SVM’, svymmodel), (‘'LR’, LRmodel), (‘MLP’, mlpmodel)],
voting="hard’)

model.fit(X_train, y_train) # for clf in (svmmodel, mlpmodel, LRmodel, model):

y_p = model.predict(X_test) #  clf.fit(X_train, y_train)

acc = accuracy_score(y_test, y_p) * 100 # y_p =clf.predict(X_test)

print(f*Voting model accuracy: {acc:.2f}%") # print(clf. __class__.name__, accuracy_score(y_test, y_p)

Dr. A. Fathi, Machine Learning
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Combining Classifiers
Types of Ensemble Learning

= There are three main types of ensemble methods:

= Bagging (Bootstrap Aggregating)/Pasting: The same models are
trained independently on different random subsets of the training data.
Their results are then combined—usually by averaging (for
regression) or voting (for classification). This helps reduce variance
and prevents overfitting. 4

(in Pasting we don't use replacement or bootstrap)

= Boosting: The same models are trained one after another. Each new/
model focuses on fixing the errors made by the previous ones. The fir)ar“\
prediction is a weighted combination of all models, which helps reduce
bias and improve accuracy. :

=« Stacking (Stacked Generalization): Multiple different models (often
of different types) are trained and their predictions are used as inputs to
a final model, called a meta-model. The meta-model learns how to best
combine the predictions of the base models, aiming for better
performance than any individual model.

Dr. A. Fathi, Machine Learning
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Combining Classifiers

Bagging/Pa Sting Razi U';l‘i\versity
s Bagging (bootstrap aggregating) uses multiple versions
of the training set, each created by bootstrapping the

original training data.
= Each of these bootstrap data sets is used to train a different component

classifier. 7
= The final classification decision is based on the vote of each componegt\
classifier. /

Traditionally, the component classifiers are of the same general form.
(e.qg., all neural networks, all decision trees (Random Forest), etc.
where their differences are in the final parameter values due to thelr)
different sets of training samples. |

= If bootstrap is also used for selecting features, it calls Random

Paches classifier.
=« In general, bagging improves recognition for unstable classifiers.
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Ensemble Bagging Classifier

from sklearn.model _selection import train_test_split
from sklearn.metrics import accuracy_score

from sklearn.tree import DecisionTreeClassifier
from sklearn.ensemble import BaggingClassifier
from sklearn.datasets import load _iris

Razi University

X,y =load iris(return_X_y=True) (
X train, X _test, y train, y_test = train_test_split(X, y, test_size=0.5, random_state=0) A
model = BaggingClassifier(DecisionTreeClassifier (), n_jobs=-1, /
n_estimators= 500, #the number of ensemble
max_samples= 100, #the number of samples for each DTf \
bootstrap= True, # For Pasting must be False \)
)

model.fit(X_train, y_train)

y p = model.predict(X_test)
acc = accuracy_score(y_test, y_p) * 100
print(f*Voting model accuracy: {acc:.2f}%"
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Random Forest Classifier

from sklearn.model _selection import train_test_split

from sklearn.metrics import accuracy_score

from sklearn.tree import RandomForestClassifier #RandomForestRegressor
from sklearn.ensemble import BaggingClassifier

from sklearn.datasets import load _iris

X,y =load iris(return_X_y=True)

X train, X _test, y train, y_test = train_test_split(X, y, test_size=0.5, random_state=0)

model = RandomForestClassifier(n_jobs=-1,
n_estimators= 500, #the number of DT
max_leaf nodes= 100, #the number of leaf in each DT
)

#model = RandomForestRegressor(n_estimators= 500,n_jobs=-1)

model.fit(X_train, y_train)

y p = model.predict(X_test)
acc = accuracy_score(y_test, y_p) * 100
print(f*Voting model accuracy: {acc:.2f}%"

Razi University
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Combining Classifiers

BOOSti n g Razi L:;;/ersny

= In boosting, each training sample receives a weight
that determines its probability of being selected for the
training set for an individual component classifier.
= Adopt a weak classifier known as the base classifier.

Employing the base classifier, design a series of classifiers, ina
hierarchical fashion, each time employing a different weighting of J;he
training samples. Emphasis in the weighting is given on the hardey
samples, i.e., the ones that keep “failing”.

If a training sample is accurately classified, its chance of being us( \
again in a subsequent component classifier is reduced. <)

Conversely, if the sample is not accurately classified, its chance (or
weight) of being used again is increased.

= The final classification decision is based on the weighted sum of
the votes of the component classifiers.

The weight for each classifier is a function of its accuracy.
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Ensemble Classifiers

Boosting Techniques

Razi University

Technique Description

AdaBoost focuses on challenging examples by assigning
weights to data points. Combines weak classifiers with
weighted voting for final predictions.

AdaBoost (Adaptive
Boosting)

Gradient Boosting Machines (GBM) sequentially builds

decision trees, with each tree correcting errors of the
previous ones, enhancing predictive accuracy iteratively.”

Gradient Boosting
Machines (GBM)

XGBoost do optimizations like tree pruning, \
regularization and parallel processing for robust and )
efficient predictive models.

Extreme Gradient
Boosting (XGBoost)

CatBoost specialize in handling categorical features
CatBoost natively without extensive preprocessing with high
predictive accuracy and automatic overfitting handling.
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Combining Classifiers

Ad a BOOSt Razi Uni\}ersity
= The popular AdaBoost (adaptive boosting) algorithm allows continuous
adding of classifiers until desired low training error has been achieved.

= Let a!(x;) denote the weight of sample x; at trial t, where a'(x;) = 1/n for

every Xi=

= Ateachtrialt=1,..,T, a classifier Ct is constructed from the given
samples under the distribution at where a’(x;) reflects occurrence
probability of x;. (

The error £t of this classifier is also measured with respect to the weights, and.
consists of the sum of the weights of the samples that it misclassifies.
= If £t is greater than 0.5, the trials are terminated and T is setto ¢ — 1. f \

= Conversely, if C' correctly classifies all samples so that <! is zero, the
trials are terminated and T becomes ¢. <

= Otherwise, the weights a'*! for the next trial are generated by
multiplying the weights of samples that ¢! classifies correctly by the
factor gt = «t/(1 - ¢t) and then are renormalized so that Y, a’(x;) = 1

=« The boosted classifier C* is obtained by summing the votes of the
classifiers C1,..., CT , where the vote for classifier C! is also weighted by

log(1/B%) )
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Combining Classifiers

Ad a BOOSt Razi University

= Provided that < is always less than 0.5, it was shown
that the error rate of ¢* on the given samples under the
original uniform distribution a' approaches zero
exponentially quickly as T increases.

= A succession of weak classifiers {C' } can thusbe
boosted to a strong classifier C* that is at least as
accurate as, and usually much more accurate than, the |
best weak classifier on the training data. J

= However, note that there is no guarantee of the
generalization performance of a bagged or boosted
classifier on unseen patterns.
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AdaBoost Classifier

Razi University
from sklearn.model _selection import train_test_split
from sklearn.metrics import accuracy_score
from sklearn.tree import DecisionTreeClassifier
from sklearn.ensemble import AdaBoostClassifier
# from xgboost import XGBClassifier
from sklearn.datasets import load _iris
X,y =load iris(return_X_y=True)
X train, X_test, y train, y_test = train_test_split(X, y, test_size=0.5, random_state=0)

model = AdaBoostClassifier(DecisionTreeClassifier(max_depth = 4), learning_rate = 0.5,
n_estimators= 500, #the number of classifier
algorithm = “SAMME.R” #Employed Algorithm

)

#model = XGBClassifier(n_estimators= 500,max_depth=4, alpha=10)

model.fit(X_train, y_train)

y _p = model.predict(X _test)

acc = accuracy_score(y_test, y_p) * 100

print(f*Voting model accuracy: {acc:.2f}%"

> 1Va
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Combining Classifiers

Stacking

= Stacking is an ensemble learning technique that
combines predictions from multiple different base
models to create a stronger, more accurate final model
called the meta-model. By using the strengths of
diverse models stacking often improves overall a
performance compared to using a single model. ~

= Improves predictive accuracy Different Models
by combining outputs of

multiple diverse models \Meta learner
= Uses heterogeneous base % . Prediction

Razi University

learners like decision trees,
SVMs and KNN

—
= Employs a meta-model to learn R /

the best way to combine base
model predictions

Dr. A. Fathi, Machine Learning




Combining Classifiers

Stacking

= Advantages
=« Combines multiple models to achieve higher accuracy than any single model.
« Utilizes different types of models, allowing each to contribute its unique

Razi University

strengths.

= Proper cross-validation helps reduce overfitting by balancing model errors.

=« The meta-model learns from mistakes of base models to improve final C
predictions. ~

= Flexible in choosing base and meta-models making it adaptable to different /
datasets and problems. f\

= Limitations =
« Implementation is complex and requires careful setup of multiple models.
=« Training is slow and computationally intensive due to multiple layers of models.
« Difficult to interpret because of the combination of several models and layers.
= Risk of overfitting if the meta-model is too complex or data leakage occurs.
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Clustering Methods



What is Cluster Analysis?

Razi University

= Cluster: A collection of data objects
= similar (or related) to one another within the same group
= dissimilar (or unrelated) to the objects in other groups

= Cluster analysis (or c/ustering, data segmentation, ...)

= Finding similarities between data according to the (
characteristics found in the data and grouping similar data -
objects into clusters Y

= Unsupervised learning: no predefined classes (i.e., a
learning by observations vs. learning by examples:
supervised)

= Typical applications

= As a stand-alone tool to get insight into data distribution
= As a preprocessing step for other algorithms
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Applications of Cluster Analysis

= Data reduction

= Summarization: Preprocessing for regression, PCA,
classification, and association analysis

= Compression: Image processing(vector quantization)
= Hypothesis generation and testing

= Prediction based on groups
= Cluster & find characteristics/patterns for each group

= Finding K-nearest Neighbors
= Localizing search to one or a small number of clusters

= Outlier detection: Outliers are often viewed as those
“far away” from any cluster

Razi University
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Biology: taxonomy of living things: kingdom, phylum, class, order,
family, genus and species
Information retrieval: document clustering

Land use: Identification of areas of similar land use in an earth
observation database

Marketing: Help marketers discover distinct groups in their C
customer bases, and then use this knowledge to develop targeted .
marketing programs W 4
City-planning: Identifying groups of houses according to their f“\
house type, value, and geographical location J

Earth-quake studies: Observed earth quake epicenters should be
clustered along continent faults

Climate: understanding earth climate, find patterns of atmospheric
and ocean

Economic Science: market research

Dr. A. Fathi, Machine Learning



= A good clustering method will produce high quality

ClUStEI"S Wlth Inter-cluster
Intra-cluster distances are
distances are maximized

minimized
= high intra-class similarity o / C
= low inter-class similarity +3- \/

= The quality of a clustering result depends on both the
similarity measure used by the method and its
implementation

= The quality of a clustering method is also measured by

its ability to discover some or all of the hidden patterns
Dr. A. Fathi, Machine Learning




Dissimilarity/Similarity metric: Similarity is expressed in
terms of a distance function, typically metric: d(i, j)

There is a separate “quality” function that measures the
“goodness” of a cluster. -~

The definitions of distance functions are usually vér\i
different for interval-scaled, boolean, categoric&lﬁ
ordinal ratio, and vector variables. A

Weights should be associated with different variablé§
based on applications and data semantics.

It is hard to define “similar enough” or “good enough”
= the answer is typically highly subjective.
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Basic Steps to Develop a Clustering

Task

= Feature selection

= Select info concerning the task of interest

= Minimal information redundancy
= Proximity measure

= Similarity of two feature vectors
= Clustering criterion

= Expressed via a cost function or some rules
= Clustering algorithms

= Choice of algorithms
= Validation of the results

= Validation test (also, c/ustering tendency test)
= Interpretation of the results

= Integration with applications

Dr. A. Fathi, Machine Learning
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Feature/Attribute Types

= Nominal: categories, states, or "names of things”
« Hair_color = {auburn, black, blond, brown, grey, red, white}
= marital status, occupation, ID numbers, zip codes

= Binary
= Nominal attribute with only 2 states (0 and 1)
= Symmetric binary: both outcomes equally important éa
e.g., gender -~
= Asymmetric binary: outcomes not equally important. /

e.g., medical test (positive vs. negative) |
Convention: assign 1 to most important outcome (e.g., HIV positi)@)\
= Ordinal

<

= Values have a meaningful order (ranking) but magnitude between
successive values is not known.

« Size = {small, medium, large}, grades, army rankings

= Numeric

= Values have a meaningful order (ranking) and magnitude between
successive values is known.
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Similarity and Dissimilarity
= Similarity
= Numerical measure of how alike two data objects are

= Value is higher when objects are more alike
=« Often falls in the range [0,1]

Razi University

K

= Dissimilarity (e.g., distance) ~
= Numerical measure of how different two data objects are b

= Lower when objects are more alike f\‘\

= Minimum dissimilarity is often 0 <5

= Upper limit varies

= Proximity refers to a similarity or dissimilarity
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Data Matrix and

= Data matrix

= h data points with
p dimensions

= Dissimilarity matrix

= n data points, but
registers only the
distance

= A triangular matrix

Dissimilarity Matrix

X11

Xi1

Xn1

0
d(2,1)

Xif

Xnf

0

d@3,1) d(3,2) O

_d(r-1,1) d(r-1,2)

. 0
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Type of data in clustering analysis

Interval-valued variables
= Standardize data

= Calculate the mean absolute deviation:

S, :1'11(|le —Mm_ [+ X, =M |+..4]X —m_ )

, C

where M= &0 +Xpp et Xp) ~

= Calculate the standardized measurement (z-score) J
X —M, f\

Ly = —3 <)

f

= Using mean absolute deviation is more robust than
using standard deviation
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Similarity and Dissimilarity

Between Objects

= Distances are normally used to measure the similarity

Razi University

or dissimilarity between two data objects

= Some popular ones include: Minkowski distance

d@, D=a/(x. =X. |T+|x. =x. [T+.4H|x. =x. |1) C

’ h ]2 2 " J2' T U p N

, _ P

where 7= (X1, X - Xp) and j = (X4, Xy -y Xp) are two p- \
dimensional data objects, and g is a positive integer 6

= If g = 1, dis Manhattan distance

d(i, J)4 Xil_xj1|+|xiz_sz|+"'+|Xip_x'

Jp|
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Similarity and Dissimilarity

Between Objects
» Ifqg= 2 dis Euclidean distance

Razi University

=\ . 2 . 2 . 2
d(l,j)—\/(|xil G g, =X Pt = 1)

d(i,j) = d(,i)
d(ij) < d(i,k) + d(kj)

= Also, one can use weighted distance, parametric Pearson product,

= Properties '
d(ij)=0 i

.

d(i,i)=0 \

A

-

moment correlation, or other dissimilarity measures
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Types of Clusters

= Well-separated clusters

Razi University

= Center-based clusters
= Contiguous clusters

= Density-based clusters

> 1Va

= Property or Conceptual

= Described by an Objective Function
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Types of Clusters: Well-Separated

Razi University

= Well-Separated Clusters:

= A cluster is a set of points such that any point in a cluster is closer (or

more similar) to every other point in the cluster than to any point not

in the cluster.

OV

3 well-separated clusters
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Types of Clusters: Center-Based

= Center-based

Razi University

= A cluster is a set of objects such that an object in a cluster is closer
(more similar) to the “center” of a cluster, than to the center of any
other cluster a
= The center of a cluster is often a centroid, the average of all the poih?s“ |
in the cluster, or a medoid, the most “representative” point of a cIuste|/
a
_J

4 center-based clusters
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Types of Clusters:

Contiguity-Based

= Contiguous Cluster (Nearest neighbor or Transitive)

= A cluster is a set of points such that a point in a cluster is closer

(or more similar) to one or more other points in the cluster than

to any point not in the cluster. /

cesee
oo

8 contiguous clusters
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Types of Clusters: Density-Based
= Density-based

Razi University

= A cluster is a dense region of points, which is separated by low-density
regions, from other regions of high density.

=« Used when the clusters are irregular or intertwined, and when noise aqﬁ
outliers are present. ~

)

6 density-based clusters
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Types of Clusters:

Conceptual Clusters
= Shared Property or Conceptual Clusters

Razi University

= Finds clusters that share some common property or represent a

particular concept.

> 1Va

2 Overlapping Circles

Dr. A. Fathi, Machine Learning



Types of Clusters:

Objective Function

= Clusters Defined by an Objective Function

= Finds clusters that minimize or maximize an objective function.

« Enumerate all possible ways of dividing the points into clusters and
evaluate the 'goodness' of each potential set of clusters by using the
given objective function. (NP Hard)

Razi University

= Can have global or local objectives. (
Hierarchical clustering algorithms typically have local objectives -

Partitional algorithms typically have global objectives /

= Map the clustering problem to a different domain and solve a
related problem in that domain [\

= Proximity matrix defines a weighted graph, where the nodes are th
points being clustered, and the weighted edges represent the
proximities between points

= Clustering is equivalent to breaking the graph into connected
components, one for each cluster

= Want to minimize the edge weight between clusters and maximize the
edge weight within clusters
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Types of Clustering Methods

= A clustering is a process to find a set of clusters

Razi University

= Important distinction between hierarchical and
partitional sets of clusters

= Partitional Clustering C
= A division data objects into non-overlapping subsets (cIusteTs)
such that each data object is in exactly one subset b

= Hierarchical clustering a
= A set of nested clusters organized as a hierarchical tree <)

= Density based clustering
= Discover clusters of arbitrary shape.

= Clusters dense regions of objects separated by regions of low
density
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Partitional Clustering

Razi University

° ®
® )
°
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Original Points A Partitional Clustering
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Hierarchical Clustering

Razi University

o

pl p2 p3pd /
Qo
Traditional Hierarchical Clustering Traditional Dendrogram ~_
! pl p2  p3 p4
Non-traditional Hierarchical Clustering Non-traditional Dendrogram
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Partitional Clustering

= Given
= A data set of n objects
= K the number of clusters to form

Razi University

= Organize the objects into k partitions (k<=n) whe@

each partition represents a cluster ~
P

= The clusters are formed to optimize an obJectf e
partitioning criterion )

= Objects within a cluster are similar
= Objects of different clusters are dissimilar
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Partitional Clustering:

K-means Clustering

= The basic algorithm is very simple
= Number of clusters, K, must be specified

= Each cluster is associated with a centroid (mean or
center point)
(

= Each point is assigned to the cluster with the closes\t
centroid /

Razi University

: Select K points as the initial centroids. f \

: repeat

1
2
3:  Form K clusters by assigning all points to the closest centroid.
4:  Recompute the centroid of each cluster.

5

: until The centroids don’t change
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Partitional Clustering:

K-means Clustering

Razi University

Initial centroids are often chosen randomly.
= Clusters produced vary from one run to another.

The centroid is (typically) the mean of the points in the
cluster.

‘Closeness’ is measured by Euclidean distance, cosine 7
similarity, correlation, etc. ~
K-means will converge for common similarity measur@
mentioned above. |
Most of the convergence happens in the first few A ;‘\

iterations. <)
= Often the stopping condition is changed to ‘Until relatively few points
change clusters’ or some measure of clustering doesn’t change.
Complexity is O( n*K*I*d )
= N = number of points, K = number of clusters,
I = number of iterations, d = number of attributes
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Evaluating K-means Clusters

= Most common measure is Sum of Squared Error (SSE)
= For each point, the error is the distance to the nearest cluster
= To get SSE, we square these errors and sum them.

SSE :ZK:Zdistz(mi,x) /

i:]. XECi Q
\\_
=y

= X is a data point in cluster G and m; is the representative point Er’

cluster G \
can show that m;corresponds to the center (mean) of the cIustef \
= Given two clusters, we can choose the one with the smallest error \)

= One easy way to reduce SSE is to increase K, i.e. the

number of clusters
= A good clustering with smaller K can have a lower SSE than a poor
clustering with higher K

Dr. A. Fathi, Machine Learning



K-means Clusters

Solutions to Initial Centroids Problem

Razi University
= Multiple runs

= Helps, but probability is not on your side
= Sample and use hierarchical clustering to determine initial

centroids
= Select more than k initial centroids and then select among these
initial centroids K

= Select most widely separated ~
= Pre-processing P

= Normalize the data /- \

« Eliminate outliers
= Post-processing —

= Eliminate small clusters that may represent outliers

= Split'loose’ clusters, i.e., clusters with relatively high SSE

= Merge clusters that are ‘close’ and that have relatively low SSE

= Can use these steps during the clustering process
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Limitations of K-means

= K-means has problems when clusters are of differing
« Sizes

« Densities
= Non-globular shapes

Razi University

= K-means has problems when the data contains outlierg

« Since an object with an extremely large value may substantia\ly
distort the distribution of the data.

= Solution: Instead of taking the mean value of the object in a cluster/as

a reference point, medoids can be used, which is the most centrally
located object in a cluster. )

)
»

>t
&{}&»—

000000000000000000000000
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Partitional Clustering:

k-medoids Clustering

= k-medoids

=« Instead of taking the mean value of the samples in a cluster as
a reference point, medoids can be used

= Note that choosing the new medoids is slightly different with
choosing the new means in k-means algorithm

= k-medoids is more robust than k-means in the presence of n0|se

Razi University

and outliers; and works effectively for small data sets. /

= Algorithm k-medoids (k) 7\
= 1. Select k representative samples arbitrarily \

= 2. Associate each data point to the closest medoid <

= 3. For each medoid m and data point p

Swap m and p and compute the total cost of configuration
= 4. Select the configuration with the lowest cost
= 5. repeat steps 2-5 until there is no change
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KMeans Clustering

Import numpy as np

import matplotlib.pyplot as plt

from sklearn import metrics

from sklearn.cluster import KMeans

from sklearn_extra.cluster import KMedoids

from sklearn.datasets import make_blobs

from sklearn.preprocessing import StandardScaler

Razi University

X,y_true = make_blobs(n_samples=300, centers=3, cluster_std=0.50, random_state=0)
kcl = KMeans(n_clusters=3, random_state=0, n_init="auto").fit(X)
#kcl = KMedoids(n_clusters=3, random_state=0, n_init="auto").fit(X)

> 1Va

12.5 1
clusters = kcl.cluster_centers 10.0 -
7.5
plt.scatter(X[:,0],X[:,1],c = pred) 5.0 1
for i in clusters: s :
center = clustersJi]['center’] oo
plt.scatter(center[0],center[1],marker =',c ='red’) s ] o g
plt.show() & >
50
. ot
o
75
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Partitional Clustering:

Fuzzy C-mean Clustering

= The membership function u; expresses to what degree x; belongs
to classc,.

= Crisp clustering: x; can belong to one class only
_ 1 lf X € Ci
Ri=1l0 ifx ¢c;
= Fuzzy clustering: x; belongs to all classes
with varying degrees of membership

1

1
1 -1 k 1 q—1
Hi1= Z
5 \dE™, x) j=1 (d(z}’"), x,)>

= where z(™)s are cluster means
= qis a fuzziness index with 1<q<2

Fuzzy clustering becomes crisp clustering when g—1
= ObservethatyX u,;,=1, for1=1,2,..,N

m) _ o |I°

= C-mean minimizes J, = 35, /), Jf = ¥¥ (u)?||2; X} Fuzzy Clustering
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Partitional Clustering:

Fuzzy C-mean Clustering

Import numpy as np

import matplotlib.pyplot as plt

from skfuzzy import fuzzy

from sklearn.datasets import make_blobs

from sklearn.preprocessing import StandardScaler

Razi University

X, y_true = make_blobs(n_samples=300, centers=4, cluster_std=0.50, random_state=0)

(//'
scaler = StandardScaler() \:\
X = scaler.fit_transform(X) /
cntr,u, , , , ,fpc=fuzz.cluster.cmeans(X, c=4, m=1.7, error=1e-5, maxiter=2000, init=None)

# cntr: Final cluster centers f \

# u: Membership matrix indicating degree of belonging for each point to each cluster
# fpc: Fuzzy partition coefficient (quality metric)

Cluster Centers:
[[0.40427944 ©.44688713]
print("Cluster Centers:\n", cntr) 957088 wg 0 L 0e e
_ _ o _ [@.53151692 @.61555506] ]
print("\nFuzzy Membership Matrix (first 5 data points):")
pﬂrn(u[' .5]) Fuzzy Membership Matrix (first 5 data points):
v [[6.6753945 ©.103008 0.083041289 0.09668828 0.07004986

[©.16579475 ©.86917327 ©.95209853 0.36321813 0.85265308]
[0.75881075 ©.02781873 0.01748858 0.54009359 0.07729706] ]
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Hierarchical Methods:

Agglomerative and Divisive Clustering

s Clusters have sub-clusters and sub-clusters can have
sub-sub-clusters, ...

= Use distance matrix as clustering criteria (Merge nodes
(clusters) that have the maximum similarity)

Razi University

Step0 Stepl Step2 Step3 Step 4 _ agglomerative C
(AGNEYS) \/
<)
| | | | | divisive
Step4 Step3 Step2 Stepl StepO (DIANA)

= This method does not require the number of clusters k
as an input, but needs a termination condition.
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Agglomerative Clustering

Import numpy as np

import matplotlib.pyplot as plt

from sklearn import metrics

from sklearn.cluster import AgglomerativeClustering
from sklearn.datasets import make_blobs

from sklearn.preprocessing import StandardScaler

Razi University

X,y_true = make_blobs(n_samples=300, centers=7, cluster_std=0.50, random_state=0)
model = AgglomerativeClustering(n_clusters=7, linkage="average")
model.fit(X)

plt.figure()

plt.axes([O, O, 1, 1])

for 1, color in zip(np.arange(model.n_clusters), colors):
plt.plot(X[model.labels_ == 1].T, c=color, alpha=0.5)

plt.axis("tight")

plt.axis("off")

plt.suptitle("AgglomerativeClustering(metric=%s)" % metric, size=20, y=1)

> 1Va

plt.show()

Dr. A. Fathi, Machine Learning



Hierarchical Methods:

Spectral Clustering

Goal: Given data points X1, ..., Xn and similarities W(Xi, X)), partition the data into
groups so that points in a group are similar and points in different groups are
dissimilar.

Razi University

V — Vertices (Data points)
Similarity Graph: G(V,E,W) E — Edge if similarity > 0
W - Edge weights (similarities)

2909000000 (

°® of 5

O O o W

oo :F ~w

o "\

N 0 }

O © n <
Data Similarities Similarity graph

o W = (w;;) adjacency matrix of the graph
e d; = ) . w; degree of a vertex

e D = diag(dy,...,d,) degree matrix
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Hierarchical Methods:

Spectral Clustering

Razi University

Input: Similarity matrix S, number k of clusters to construct
e Build similarity graph

e Compute the first k eigenvectors vy, . ... v of the matrix

L=D— W for unnormalized spectral clustering
L= DL for normalized spectral clustering

e Build the matrix V € R™* with the eigenvectors as columns

e Interpret the rows of V as new data points Z; € R*
i V2 V3
Z1 | vii vi2 w3

> 1Va

Z n Vo1 Vn2 Vn3

e Cluster the points Z; with the k-means algorithm in R¥.
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Spectral Clustering

Import numpy as np

import matplotlib.pyplot as plt

from sklearn import metrics

from sklearn.cluster import SpectralClustering
from sklearn.datasets import make_blobs

from sklearn.preprocessing import StandardScaler

Razi University

X,y_true = make_blobs(n_samples=300, centers=7, cluster_std=0.50, random_state=0)

model = SpectralClustering(n_clusters=2, assign_labels='discretize’, random_state=0)
model.fit(X)

plt.figure()

plt.axes([O, O, 1, 1])

for |, color in zip(np.arange(model.n_clusters), colors):
plt.plot(X[model.labels_ == 1].T, c=color, alpha=0.5)

plt.axis("tight")

plt.axis("off")

plt.suptitle("SpectralClustering (metric=%s)" % metric, size=20, y=1)

> 1Va

plt.show()
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Density Based Methods:

DBSCAN Clustering

= DBSCAN is a density-based clustering algorithm that groups
data points that are closely packed together and marks outliers
as noise based on their density in the feature space.

Razi University

= [t identifies clusters as dense regions in the data space
separated by areas of lower density. C

\\_
\\

= Unlike K-Means or hierarchical clustering which assumes Y
clusters are compact and spherical, DBSCAN perform well in A\
handling real-world data irregularities such as: |

= Arbitrary-Shaped Clusters: Clusters can take any shape not just
circular or convex.

= Noise and Outliers: It effectively identifies and handles noise points
without assigning them to any cluster.
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Density Based Methods:

How Does DBSCAN Work

= DBSCAN works by categorizing data points into three types:

= Core points which have a sufficient number of neighbors within a
specified radius (epsilon)

= Border points which are near core points but lack enough neighbors to
be core points themselves 7

= Noise points which do not belong to any cluster. .

= Key Parameters in DBSCAN is: N

»
= 1. eps: This defines the radius of the neighborhood around a data poing x\
If the distance between two points is less than or equal to eps they are
considered neighbors. Choosing the right eps is important: v

If eps is too small most points will be classified as noise.
If eps is too large clusters may merge and the algorithm may fail.

« 2. min_samples: This is the minimum number of points required within
the eps radius to form a dense region. A general rule of thumb is to set
min_samples>d+1 where d is the number of dimensions in the dataset.
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DBSCAN Clustering

import numpy as np g B

import matplotlib.pyplot as plt i TR

from sklearn import metrics e

from sklearn.cluster import DBSCAN 4., il DBSCAN K.:,EANS
from sklearn.datasets import make_blobs ‘.;f-"' %‘ ﬁ,”
from sklearn.preprocessing import StandardScaler N SN ‘ J t |

X, y_true = make_blobs(n_samples=300, centers=4, cluster_std=0.50, random_state=0)  “*“" e
kcl = DBSCAN(eps=0.3, min_samples=10).fit(X) B
core_samples_mask = np.zeros_like(kcl.labels_, dtype=bool) J
core_samples_mask[kcl.core_sample_indices_ ] = True

labels = kcl.labels_ plt.plot(xy[:, 0], xy[:, 1], '0', markerfacecolor=col, f \
n_clusters_ = len(set(labels)) - (1 if -1 in labels else 0) markeredgecolor='k',

unique_labels = set(labels) markersize=6) \)

colors = [y, 'b', 'g’, 'r]
print(colors)
for k, col in zip(unique_labels, colors):

ifk==-1. markersize=6)

col =k’ plt.title('number of clusters: %d' % n_clusters_)
class_member_mask = (labels == k) plt.show()

xy = X[class_member_mask & core_samples_mask]
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xy = X[class_member_mask & ~core_samples_mask]
plt.plot(xy[:, O], xy[:, 1], X', markerfacecolor=col,
markeredgecolor="K’,




Determine the Number of Clusters

Razi University

= Empirical method
= # of clusters: k ~ \/n/2 for a dataset of n points, e.g., n = 200, k = 10

= Elbow method

=« Use the turning point in the curve of sum of within cluster variance
w.r.t the # of clusters

Divide a given data set into /m parts
Use m— 1 parts to obtain a clustering model
Use the remaining part to test the quality of the clustering

E.g., For each point in the test set, find the closest centroid, and use the
sum of squared distance between all points in the test set and the closest
centroids to measure how well the model fits the test set

For any k > 0, repeat it /m times, compare the overall quality measure
w.r.t. different ks, and find # of clusters that fits the data the best
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Why Dimensionality Reduction?

= Most machine learning and data mining techniques
may not be effective for high-dimensional data

= In all the methods, so far, we saw that the highest the number
of points, N, the better the resulting estimate.

« If In the one-dimensional space an interval, filled with
points, is adequate (for good estimation), in the two-_
dimensional space the corresponding square will require N2
and in the /-dimensional space the /-dimensional cube W

Razi University

require N’ points. f“\
= The exponential increase in the number of necessary points IE)
known as the curse of dimensionality.

This is a major problem one is confronted with in high
dimensional spaces.

= The intrinsic dimension may be small.

Dr. A. Fathi, Machine Learning



Razi University

: E. : s . s s
_// L \[_Q positive examples
| T-negative examples

> 1Va
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= The required number of samples (to achieve the same
accuracy) grows exponentionally with the number of

variables!

= In practice: the number of training examples is fixed! ~
=> the classifier’'s performance usually will degrade for a L
large number of features! \/

In fact, after a certain point, |
increasing the dimensionality
of the problem by adding new’
features would actually

degrade the performance of

classifier.

O | I' —r | 1 1 r t° ] L L |

T T T T I T T T
0 Dimensionality (number of features)

Optimal number of features
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= Many explored domains have hundreds to tens of
thousands of variables/features with many irrelevant
and redundant ones!

In domains with many features the underlyin
probability distribution can be very complex and velcg

hard to estimate (e.g. dependencies betweé}
variables) ! |
-\

Irrelevant and redundant features can “confuse”
learners!

« Limited training data!

» Limited computational resources!
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Feature Extraction vs. Selection

Razi University

= Feature extraction
= All original data are used and they are transferred

= The transformed features are linear/nonlinear combinations of
the original data

= Feature selection é
= Only a subset of the original features are selected ~
= Humans/animals do that constantly! Py 4

= Given a set of N features, the role of feature selection is
select a subset of size M (M < N) that leads to the smallest

classification/clustering error. ", ] \)

feature selection | iz
e
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Feature Selection Methods

. Feature selection is an optimization

problem.
= Search the space of possible feature Treining dare
Su bsets. Complete feature set
. PiCk the SUbSEt that is optimal OI‘ I‘Iear- (FeatureSubsetSelectlon
optimal

Razi University

with respect to a certain criterion.

Search strategies Evaluation

H |
strategies F_ .: =1 J
= Optimum - Filter methods S
= Heuristic - Wrapper methods algorithm

= Randomized

Dr. A. Fathi, Machine Learning



Evaluation Strategies

= Filter Methods
« Evaluation is independent of the classification [Training dataj

algorithm.

« The objective function evaluates feature subsets
by their information content, typically interclass
distance, statistical dependence or information-
theoretic measures.

Complete feature set

Filter FS5

~
[ Search
y
Feature Information
subset content

“
Objective
function

= Advantages

= Fast execution: Filters generally involve a non-
iterative computation on the dataset, which can
execute much faster than a classifier training session

= Generality: Since filters evaluate the intrinsic
properties of the data, rather than their interactions Final feature subset l
with a particular classifier, their results exhibit more -
generality; the solution will be “good” for a large ML
family of classifiers [ algorithm

= Disadvantages

= Tendency to select large subsets: Filter objective
functions are generally monotonic

Dr. A. Fathi, Machine Learning
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Evaluation Strategies
+ Wrapper Methods

« Evaluation uses criteria related to the g .
classification algorithm. _ Training data

= The objective function is employed classifier, compiete feature set
which evaluates feature subsets by their

predictive accuracy (recognition rate on test Wrapper FSS
data) by statistical resampling or cross-  comren )
validation.

Advantages Feature l T Predictive

subset accuracy
= Accuracy: wrappers generally have better - |

recognition rates than filters since they tuned to N ElnLtnm j
the specific interactions between the classifier \ 9 j

and the features.

= Ability to generalize: wrappers have a mechanism  Fina feature subset l

to avoid over fitting, since they typically use VL ™
cross-validation measures of predictive accuracy. algorithm
Disadvantages g

= Slow execution
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Search Strategies

m Assuming N features, an exhaustive

search would require:

= Examining all (AA/D possible subsets of

size M.
= Selecting the subset that performs the
best according to the criterion function.
The number of subsets grows
combinatorially, making exhaustive

search impractical.

Iterative procedures are often used based
on heuristics but they cannot guarantee
the selection of the optimal subset.

Razi University

Four Features — X,, X5, X3, X4

.OOQ@OJ
GO O 6 6

1 — x; is selected;
0 — X; is not selected
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Statistical test and Naive Search

=+ Naive Search
+ Sort the given N features in order of their probability of correct

Razi University

recognition.
- Select the top M features from this sorted list.
» Disadvantage d
Feature correlation is not considered. .
Best pair of features may not even contain the best individual \/
feature.

7\
» Statistical test )

+ To select the best feature, employ two pair t-test and compare
the significance of each feature against others. The most
significant feature is then determined.

+» Repeat this for the next significant features.
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Sequential forward selection (SFS)

(Heuristic Search)

+ First, the best single feature is selected
(i.e., using some criterion function).

+ Then, pairs of features are formed
using one of the remaining features

Razi University

Empty feature set

and this best feature, and the best pair 7
Is selected. ~
~ Next, triplets of features are formed <
using one of the remaining features N\
and these two best features, and the P

best triplet is selected.

» This procedure continues until a
predefined number of features are o ormsbes
Selected. subset is small.
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Sequential forward selection (SFS)

(heuristic search) E——

Feature Set {X;, X5, X3, X4}

X 0r sr Xar J(xp)>=(x); i=1,3,4

{Xo, X1 {X5 ; X33 {X5 , X4} I(Xy, X3)>=1(X,, X;); i=1,4

> 1Va

Xy 1 X3, X1 3{X9 s X3y XaF  I(Xy, X3, X1)>=I(Xy, X3, X4)
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Sequential backward selection

(SBS) (Heuristic Search)

First, the criterion function is computed for
combination of all N features.

- Then, each feature is deleted one at a time,
the criterion function is computed for all
remaining subsets with n-1 features, and the
worst feature is discarded.

Next, each feature among the remaining n-1
is deleted one at a time, and the worst
feature is discarded to form a subset with n-
2 features.

- This procedure continues until a predefined
number of features are left.

Full feature set

SBS performs  best
when the optimal subset
is large.
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Sequential backward selection

(SBS) (heuristic search)

Razi University

{Xll XZI X3l X4}

* J(Xy, X5, X3) IS maximL}m

X5, X2, X X1, Xz, X {X1, X5, X3} \
{21 37 4} {11 37 4} 17 N2r1 3 -X3|stheworstfeatur§§

* J(Xy, X3) is maximum (%, X KXy, X MX0, %) /
. X, is the worst feature ‘"2 73717 730y 72 A “\
)
« J(X5) is maximum
{X2;  {x3} + X, is the worst feature
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Bidirectional Search (BDS)

(Heuristic Search)
= BDS applies SFS and SBS
simultaneously:
= SFS is performed from the empty set Empy feature set
=« SBS is performed from the full set

= To guarantee that SFS and SBS
converge to the same solution

=« Features already selected by SFS are |
not removed by SBS

=« Features already removed by SBS are
not selected by SFS Full featurs sat
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Bidirectional Search (BDS)

Razi University

SBS {X]_I XZI X3I X4}
{X2/ X3, Xg} {X2r X1, Xq} {Xaor Xop Xg by s maXim”m/
{Xz, X1} {XZI X4} J(Xy X4) is maximum
X4 is selected f \
. . \)
Dy ek ek b ) o mainum
SFS h
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“Plus-L, minus-R"” selection (LRS)

(Heuristic Search)
» A generalization of SFS and SBS

« If L>R, LRS starts from the empty set and:
Repeatedly add L features
Repeatedly remove R features

= If L<R, LRS starts from the full set and:
Repeatedly removes R features
Repeatedly add L features

Empty feature set

+ LRS attempts to compensate for the
weaknesses of SFS and SBS with some

backtracking capabilities.
+ There is no way of predicting the best values of
Land R

Dr. A. Fathi, Machine Learning
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Sequential floating selection

(SFFS and SFBS) (Heuristic Search)

= An extension to LRS with flexible
backtracking capabilities

= Rather than fixing the values of L and R,
floating methods determine these values E

Razi University

mpty feature set

from the data. 7
= The dimensionality of the subset during the .
search can be thought to be “floating” up \/
and down
\
= There are two floating methods: <)

Full feature set

= Sequential Floating Forward Selection (SFFS)

= Sequential Floating Backward Selection
(SFBS)
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Sequential floating selection

(SFFS and SFBS)

+ SFFS
=« Sequential floating forward selection (SFFS) starts from
the empty set.
= After each forward step, SFFS performs backward steps
as long as the objective function increases. é
» SFBS ~
=« Sequential floating backward selection (SFBS) starts g
from the full set. a

= After each backward step, SFBS performs forward steps p
as long as the objective function increases.
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Dimensionality Reduction

= Another way of coping with the problem of high
dimensionality is to reduce the dimensionality by
combining features.

= Issues in feature reduction:

Razi University

= Linear vs. non-linear transformations. /
= Use of class labels or not (depends on the availability of training

data).
A

= Training objective:
= Minimizing classification error (discriminative training),
= Minimizing reconstruction error (PCA),
= Mmaximizing class separability (LDA),
= making features as independent as possible (ICA),

<)
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Linear Dimensionality Reduction B

= Linear combinations are particularly attractive because
they are simple to compute and are analytically
tractable to project the high-dimensional data onto a
lower dimensional space.

= reduced complexity in estimation and classification, K
= Two classical approaches for finding optimal linear
transformations are: g

= Principal Components Analysis (PCA): Seeks a projection that beﬁf\
represents the data in a least-squares sense. J

= Linear Discriminant Analysis (LDA): Seeks a projection that best
separates the data in a least-squares sense.

= Given x € R%, the goal is to find a linear transformation
A that gives x’' = ATx € R? where d’ < d.
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. d
THE KARHUNEN-LOEVE TRANSFORM -

OR &
PRINCIPAL COMPONENT ANALYSIS /|
9
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Principal Component Analysis

( PCA)

= The Karhunen-Loeve transform (KLT) or principal
component analysis ( PCA), is known as one of the most
popular methods for feature generation and
dimensionality reduction in pattern recognition.

Razi University

= Principal component analysis (PCA) 4
= Reduce the dimensionality of a data set by finding a new set-of
variables, smaller than the original set of variables. p

= Retains most of the input data information. f\

=« Useful for the compression and noise removal in the data.

= By information we mean the variation present in the
sample, given by the correlations between the original

variables.

« The new variables, called principal components (PCs), are
uncorrelated, and are ordered by the fraction of the total information
each retains.
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Algebraic definition of PCs

Given a sample of ‘n’observations on a vector of ‘d’ variables
d
{Xl’xz’”"xn}e R

Razi University

Define the first principal component of the sample by the linear
transformation

d
zlzalij => a,X;, j=12,---,n.
=1

> 1Va

Here a, Is chosen such that var[z,] Is maximum.

where the vector a, = (a,,,8,,,++,ay,)

Xj:(xlj’XZj"“’de)
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To find 4 first note that

varlz,] = E((z, - 2)") = = > (@] x, —a] xf

1=1
=£Zn:af(>< _XXX —>_<)T€:11=a1TSa1 \C
N4 | | P
a
where )
1 n
0 — XN — th trix.
nlZ(X XXX x) IS the covariance matrix
>_<=% n X. IS the mean.

=1
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Algebraic definition of PCs

Razi University

To find @, that maximizesvar[z,] subjectto a, a, =1

Let A be a Lagrange multiplier

L=a/Sa, - A(aa, 1) C
0 D
—L=5a -4a, =0 |
03y 7\
= (S-1l)a, =0 )

therefore @, is an eigenvector of S

corresponding to the largest eigenvalue /] — ﬂl
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Algebraic definition of PCs

We find that a, Is also an eigenvector of S

Razi University

whose eigenvalue A = A, is the second largest.

In general

var[z,]=a, Sa, = A,

> 1Va

» The k" largest eigenvalue of S is the variance of the ki PC.

 The kth PC Zk retains the k" greatest fraction of the variation
In the sample.
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Algebraic definition of PCs

= Main steps for computing PCs for n training samples

Form the covariance matrix S.

Compute its eigenvectors: {a;}%,

The first p eigenvectors {a;}_, corresponds to ‘p’ largest
eigenvalues form the ‘p “PCs. é

Qe

The transformation G consists of the p PCs: ¢ < [a;,a;,-,a,]

Applying G on each new raw data (X) to obtained PCA based o

features X’ “
| X =X=*G /. ,\
-

—>

Multiple Colours Dominant Colours
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Algebraic definition of PCs

= How to choose p?

= Proportion of variance (PoV) explained

= When 2; are sorted in descending order
A+ A, +---+/1p

PoV =
Aq +AZ+---+/1p+---+/1d

= Typically, stop at PoV > 0.95
= Scree graph plots of PoV vs p, stop at “elbow”

IN/ A

(b) Proportion of variance explained

200~

100 -

Eigenvalues

| J
60 70

0 i e i r~a TSI FENEREE R P

0 10 20 30 40 50 60 70 ; . :

Eigenvectors i 0 10 20 30 40 50
Eigenvectors |
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Principal Component Analysis

)
'
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Razi University

C
/"
w

Dr. A. Fathi, Machine Learning

Linear Discriminant Analysis



Is PCA a good criterion for

classification?

= Data variation determines Two classes
the projection direction are overlap

Razi University

= What's missing?
= Class information

> 1Va

= Similarly, what is a good
criterion?
=« Separating different classes

Two classes are

separated
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= Between-class distance
= Distance between the centroids of different classes

= Within-class distance

= Accumulated distance of an instance to the © (
centroid of its class o
e D
= Linear discriminant analysis (LDA) O |
= finds most discriminant projection by OIN® 6\
maximizing between-class distance QQ |
O

and minimizing within-class distance

— Within-class distance
— Between-class distance
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Linear Discriminant Analysis

(LDA)
r
T -
A — S S P
a
: 5

\Ak I I / nxd

Data matrix
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Linear Discriminant Analysis

(LDA)

e Between-class scatter

Razi University

C, is the centroid of it Class
C is the centroid of all classes

.
Sb — Hb Hb - N ¢ —c
Hb - | ® | ©=—°
e Within-class scatter ~ Znxa if
r - " ~ G
S =HH | e \
w w'w H, = e A, 7/02\
I S <)
VAo

 Properties:

 Between-class distance = trace of between-class scatter (I1.e.,
the summation of diagonal elements of the scatter)

e Within-class distance = trace of within-class scatter
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Linear Discriminant Analysis

( L ) Razi University

= Discriminant criterion in mathematical formulation

trace(G'S,G)
arg max -
¢ trace(G S,G)

dxd |S th
projection
matrix

= Between-class scatter matrix Sb

&)

= Within-class scatter matrix S,

= The optimal transformation (G) is given by solving a
generalized eigenvalue problem of resulting S_ 'S,

matrix.
=« Eigenvectors of it will be used as optimal transform matrix
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Graphical view of projection

d K-1 K-1

é

A nxd d AHEW Emnx(k—ll\‘

c R D

/- \

1 d 1K-1 ~J
e L —

h = led fnew Elex(k_l)

A test data point h G e R
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An Example of LDA

<> Example: Consider 2 classes below:
2 C'I:{(OJ-I)J (110)3 (23 1)} A T
S C2={(L ), (L), (LD, (-2-1)] |

W

|52 = l

2 2] |
H, = (1: O)T WMy = ('-75:0)T S: ZI: |:4 75 3 \

2 2 3
PN R L) [ -]
5 6] 155 -5 675J 33 .43
1 4 -.33]1[175] [71 Y [*751
=S - = B e
R {—*33 *435[ 7l-é T 6]

Sp
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An Example of LDA

< Example: Consider 2 classes below:

<} C1 ={(01 '1): (13 0)3 (23 1)}

<} C2={(1: 1): ('11 1):4 ('1: '1): ('23'1)}

Projected Ci data points = vIC, = {.63, .77, .9}
Projected C2 data points = v'C; = {.13, -1.4, -.13, -.9}
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PCA vs. LDA

PCA LDA

13 1 Mean for each class
Sample mean HI—ZXi K :W > X

N5 i X<

C . .
S, = X, — 1) (X, — T Within-cl Ss
;xj;}( i~ : : ) scatter

Scatter matrix S = Z (X — )(x — ,u)T "
- Sy = Z N; (st = 1)ty = 1)’ petween-lass
i=1

scatter u
A
Eigen SW = AW Sill\/SBW = AW |

decomposition Eigen decomposition

. 7

T
Y=w X
X is transformed to Y using w
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PCA/LDA with KMeans Clustering

Import pandas as pd

import matplotlib.pyplot as plt

from sklearn.cluster import KMeans

from sklearn.decomposition import PCA

from sklearn. discriminant_analysis import LinearDiscriminantAnalysis
from sklearn.preprocessing import StandardScaler

from sklearn.datasets import fetch_california_housing

california_housing = fetch_california_housing()
X = pd.DataFrame(california_housing.data, columns=california_housing.feature_names)
y = pd.Series(california_housing.target)
X _scaled = StandardScaler.fit_transform(X)
pca = PCA(n_components=2)
X_new = pca.fit_transform(X_scaled)
#lda = LinearDiscriminantAnalysis(n_components=2)
#X_new = lda.fit_transform(X_scaled, y)
kcl = KMeans(n_clusters=3, random_state=0, n_init="auto").fit(X_new)
clusters = kcl.cluster_centers__
plt.scatter(X[:,0],X[:,1],c = pred)
foriin clusters:
center = clustersJi]['center’]
plt.scatter(center[0],center[1],marker = "~,c = 'red’)
plt.show()

Dr. A. Fathi, Machine Learning
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= Supervised = Unsupervised = Reinforcement
Learning Learning Learning
= Data: (x,y) = Data: x = Data: state-action pairs
x 1s data, y is label x 1s data, no labels!

é

= Goal: Learn functionto = Goal: Learn underlying Goal: Maximize future —_
map X—Yy structure rewards over many time /

7\

Apple example: v

o W <

This thing is an apple. This thing is like the other thing. Eat this thing because it will keep
you alive.

Dr. A. Fathi, Machine Learning
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Reinforcement Learning

Razi University

= Reinforcement Learning (RL) is a branch of machine
learning that focuses on how agents can learn to
make decisions through trial and error to maximize
cumulative rewards.

= RL allows machines to learn by interacting with an(
environment and receiving feedback based on their actions.

This feedback comes in the form of rewards or penalties. P

Agent \

= Agent has i ) 4’7
= a state in an environment, . ﬁ s
= takes an action . * S
= and sometimes receives reward I L— poa ‘
= and the state changes T i
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Razi University
Environment: the world or system in which the agent exists and operates.
State: a situation which the agent perceives.
Observations: state of the environment after taking actions.

Action: a move the agent can make in the environment.

= Action space A: the set of possible actions an agent can make in the /
environment A

Reward: feedback that measures the success or failure of the agent's \/

action.
OBSERVATIONS f \
State changes: S¢ 4.1 \

Reward: 1 \)

AGENT ENVIRONMENT

Action: a,

!
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Reinforcement Learning

Razi University

= Core Components of Reinforcement Learning
= 1. Policy
Defines the agent’s behavior i.e maps states for actions.

Can be simple rules or complex computations.
= Example: An autonomous car maps pedestrian detection to make necessary stops.

= 2. Reward Signal /
Represents the goal of the RL problem. Ve

Guides the agent by providing feedback (positive/negative rewards). o
=« Example: For self-driving cars rewards can be fewer collisions, shorter travel time. /
= 3. Value Function x
Evaluates long-term benefits, not just immediate rewards. f \
Measures desirability of a state considering future outcomes. \)

= Example: A vehicle may avoid reckless maneuvers (short-term gain) to maximize overall
safety and efficiency.

= 4. Model
Simulates the environment to predict outcomes of actions.

Enables planning and foresight.
« Example: Predicting other vehicles” movements to plan safer routes.
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Reinforcement Learning

Razi University

= Theorem: Reward hypothesis

= All goals can be described by the maximization of the expected
cumulative reward (r;): Max E[YX207¢t+i+1]

= Reward examples

=« Flipping a pancake:
» Pos. reward: catching the 180- rotated pancake
» Neg. reward: droping the pancake on the floor

= Stock trading:
» Trading portfolio monetary value

= Playing Atari games:
» Highscore value at the end of a game episode

= Driving an autonomous car:
» Pos. reward: getting save from A to B without crashing
» Neg. reward: hitting another car, pedestrian, bicycle,...

= Classical control task (e.g., electric drive, inverted pendulum,...):
» Pos. reward: following a given reference trajectory precisely
» Neg. reward: violating system constraints and/or large control error

Dr. A. Fathi, Machine Learning
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Reinforcement Learning States

Razi University

= Environment state

= Agent state

Random variable $¢ with realizations s¢

Internal status representation of the environment, e.qg.,
Physical states, e.g., car velocity or motor current
Game states, e.g., current chess board situation
Financial states, e.g., stock market status

Fully, limited or not at all visible by the agent
Continuous or discrete quantity

Random variable $¢ with realizations s
Internal status representation of the agent

In general: s? + s¢, e.g., due to measurement noise or an additional agent’s
memory

Agent’s condensed information relevant for next action
Dependent on internal knowledge/policy representation of the agent
Continuous or discrete quanti

> 1Va
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Reinforcement Learning

History and information state

Definition: History

= The history is the past sequence of all observations, actions and
rewards

Razi University

H, ={s¢,a0,79,51,A1,71,...,5¢,Qp, T}
up to the time step t.

= If the current state s, contains all useful information from the history it
is called an information state or Markov state (history is fully /

condensed in s;): |

= Definition: Information state f}\

= A state S, is called an information state if and only if =
Plsii1lse]l = P[s¢s1lS0, 51, o) St

= Model examples with Markov states
= Linear time-invariant (LTI) state-space model: s;,; = As;+Bs;
= Nonlinear time-invariant state-space model: s;.1 = f(s¢,5¢)
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Reinforcement Learning

Degree of observability

= RL is modeled as a Markov decision process (MDP): (S,A,R,P,y)

Razi University

= S is a set of environment and agent states (the state space).

= A s a set of actions (the action space) of the agent.

= P,(s,s')=P(s;;1 =S'|s; = s,a, = a) is the transition probability (at time t) from state
s to state s’ under action a.

= R,(s,s') is the immediate reward after transitioning from s to s’ under action a. (

= Degree of observability -
= Full observability: Markov decision process (MDP) J
Agent directly measures full environment state (e.g., sf= Is{). “

= Partial observability: partial observable MDP (POMDP) f \
Agent does not have full access to environment state \)

e__ I 0 a
(e.g., si= [0 0] s?).
Agent may reconstructs state information $¢= s (belief, estimate).

POMDP examples:
= Technical systems with limited sensors (cutting costs)
= Poker game (unknown opponents’ cards)
= Human health status (too complex system
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Working of Reinforcement Learning

Razi University

= The agent interacts iteratively with environment in discrete
timesteps:(r=0,1,...) in a feedback loop:

The agent observes the current state of the environment (s, r;).
It chooses and performs an action a, based on its policy .

The environment responds by transitioning to a new state s;, 1 and providing

a reward ry,.¢ (or penalty) for transition (s;, a;, s;+1). K
The agent updates its knowledge (policy, value function) based on the rewarck
received and the new state.

the goal of agent is to learn a policy = that maximizes the expected cumulat
reward (value function) : m:S x4 - [0,1], n(s,a) =P(a; =als;=5) /e \

= The purpose of reinforcement learning is for the agent to learn an
optimal (or near-optimal) policy (ir*) that maximizes the reward
function or other user-provided reinforcement signal that
accumulates from immediate rewards.
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Reinforcement Learning

Task-dependent return definitions

Razi University

= Episodic tasks
= A problem which naturally breaks into subsequences (finite horizon).
= Examples: most games, maze,...

= The return value becomes a finite sum:

_ _ T
Ry = Teyq + T2t A7 = Liz1 Teqi

= Episodes end at their terminal step t = T.
= Continuing tasks
= A problem which lacks a natural end (infinite horizon).

= Example: process control task
= The return value should be discounted to prevent infinite humbers:

_ 2 _ j
R = Teiq VT2tV T3+ =20V T4t
= Here, y € {R| 0 <y < 1} is the discount rate.

Dr. A. Fathi, Machine Learning
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Reinforcement Learning

Discounted rewards

= Numeric viewpoint
« Ify=1andr, > 0for t - o, R, gets infinite.
« If y <1and r;is bounded for t - «, R, is bounded.

Razi University

= Strategic viewpoint 7
=« If y = 1: agent is farsighted. —
= If y = 0: agent is shortsighted (only interested in immediate reward)j

= Mathematical options a
= The current return value is the discounted future return value: )

Ry = Toy1 + VT2 tVore3t = + Y(Tep2H¥Tea3 + VoTpa + )
Ry = 141 + YR
« If r, =risaconstant and y < 1 one receives:

1

R, = Y20 yV'r=rXiey = r—
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Reinforcement Learning

Policy and Cumulative Reward

= A policy nt is the agent’s internal strategy on picking actions.
= Policy: :S - A,
= Deterministic policies: maps state and action directly:
a; = m(s;)
= Stochastic policies: maps a probability of the action given a state: (
n(a;, s¢) = P(a|s;)

= The purpose of reinforcement learning is for the agent to

learn an optimal (or near-optimal) policy (mr*) that maximizesﬁ ;‘\
the expected return:

= use expected value to handle randomness of (initial state, transition probability)

t*(s;)=arg max E[R;|mr]
(A

With So NP(SO)J as = T[(' |St )iSt+1 — p( |Sti at)



Reinforcement Learning
Policy and Cumulative Reward

= Definitions: Value function and Q-value function
= Policy: m:S - A, a;, = n(s;)
= Following a policy produces sample trajectories history
H; ={50,a0,T0,51,Q1,T1,...,5¢, A, ¢}
= How good is a state?
= The value function at state s; (V™ (s;)), is the expected cumulative -
reward from following the policy from state s;:
V™ (s¢)= E[R¢|Sg = S¢, TT]
= How good is a state-action pair?
= The Q-value function at state s, and action a; (Q™ (s, a;)), is the
expected cumulative reward from taking action a, in state s; and then
following the policy:
Q" (s, a;) = E[R¢|Sg = Sp, a9 = ag, ]

Razi University

- k /N

= A key task in RL is to estimate V" (s;) and Q™ (s, a;) based on sampled data.
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Reinforcement Learning

Policy and Cumulative Reward

Razi University

Bellman equation

= The optimal Q-value function Q* is the maximum expected cumulative
reward achievable from a given (state, action) pair:

Q (s, a;) = argmax E[R;|sg = s;, a9 = ag, ]
w

With so ~p(so), ar = (.|t ), Se41 = P IS¢, ar)

Q" satisfies the following Bellman equation:

Q*(spay) = Eg . [r + yargmax Q*(s'y, a'y)|s, a;]
als

Also we have: V*(s;) = arg max Q*(s;, a;)

a
Intuition: if the optimal state-action values for the next time-step
Q*(s'y,a’;) are known, then the optimal strategy is to take the action that
maximizes the expected value of r + y Q*(s'y, a’;)

The optimal policy t* corresponds to taking the best action in any
state as specified by Q"

> 1Va
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Reinforcement Learning

Policy and Cumulative Reward

V*(s;)=argmax V™(s;) Vs,

T

=arg max E[R;|so = s;,m| wehave R, = 1,1 +VYR:+1
ag

Razi University

=arg max E[r;,1 + YR;,1|S¢ = s;, m] for simplifying

a

= arg max E[r., 1 + yV*(s;+1)] Bellman’s equation

a;
(o ang o TSP GO
a; l

= Since V*(s,) = arg max Q*(s;, a;), we can also write:

N/

ag
Q°(sp,a) = E[req] + YZ P(S¢y1|5: ay) arg max Q*(S¢4q)
St+1ES ar+1

= Q" satisfies the Bellman equation
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Reinforcement Learning

Solving for the optimal policy

Razi University

= Environment, P(s;.1|s;, a;), p(res1|Se a;), 1S Known
= There is no need for exploration

= Can be solved using dynamic programming like Value iteration
algorithm or policy iteration algorithm

Use Bellman equation as an iterative update /
= What's the problem with this? \/
= Not scalable. Must compute Q(s;, a;) for every state-action 7\

pair. )

= If state is e.q. current game state pixels, computationally infeasible to
compute for entire state space!

= Solution: use a function approximator to estimate Q(s;, a;),
e.g. using a neural network!
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Reinforcement Learning

Solving for the optimal policy

Razi University

= Value iteration algorithm: Use Bellman equation as an
iterative update

Qi+1 (sp,a) = E[r + yargmax Q;(s'y, a’y)|sy, a]
al

= Q; will convergeto Q* asi » «

Initialize V(s) to arbitrary values \C
Repeat g
Foralls € S 7\
Foralla € A <

Q(s,a) « E[rls,a] + vy Xses P(s'|s,a)V (s")
V(s) «argmax Q(s,a)

Until V (s) Converge
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Reinforcement Learning

Solving for the optimal policy

Razi University

Policy iteration algorithm: Use Bellman equation as an
iterative update

Initialize a policy 7’ to arbitrary values
Repeat
me T
Compute 1t by Solving this Linear Equation:
V™ (s) = Elrls, m(s)] + ¥ Lges P(s'ls, m(s))V™(s")
Update the policy at each state

m'(s) < argmax (E[rls, m(s)] + ¥ Lsies P(s'ls, m(s)VT(s"))

> 1Va

Untilr =’
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Reinforcement Learning

Temporal Difference Learning

= Environment, P(s;,1|ss a;), p(rie1ls: a;), 1s not known,
model-free learning
= There is need for exploration to sample from P(s;,1|s: a;) and
P(Tes1lSe ar)
= Use the reward received in the next time step to update the value of 7

Razi University

current state (action)

= The temporal difference between the value of the current action D
and the value discounted from the next state

Exploration Strategies /. \

= €-greedy: With probability €, choose one action at random uniformly; <
and choose the best action with probability 1-€ |

= Probabilistic: P(als) = exp(Q(s,a))/Yqcaexp(Q(s,a’))
= Move smoothly from exploration/exploitation.
= Decrease €

- Annealing: P(als) = exp(Q(s,@)/T)/ Lpen exp(Q(s, ')/ T)

Dr. A. Fathi, Machine Learning
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Reinforcement Learning

Q-Learning

= When next states and rewards are nondeterministic (there is
an opponent or randomness in the environment), we keep
averages (expected values) instead as assignments

Razi University

Initialize all Q(s, a) to arbitrary values
For all Episodes
Initialize s < s
Repeat
Choose a using policy derived from Q, e.g. € — greedy

Take action a, observe r and s’
Update Q(s, a):
Q(s,a) < Q(s,a) + n(r +y argmax Q(s',a")-Q(s, a))
al’
s« s
Until s is terminal state
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Reinforcement Learning

SARSA

= Off-policy vs on-policy (SARSA)

= A SARSA agent interacts with the environment and updates
the policy based on actions taken, hence this is known as
an on-policy learning algorithm.

= The Q value for a state-action is updated by an error, adjusteq/
by the learning rate o. «

= Q values represent the possible reward received in the next D
time step for taking action « in state s, plus the discounted
future reward received from the next state-action observatio/m “\

= SARSA learns the Q values associated with taking the policy it
follows itself, While Watkin's Q-learning learns the Q values <
associated with taking the optimal policy while following
an exploration/exploitation policy.

Razi University
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Reinforcement Learning

SARSA
= Off-policy vs on-policy (SARSA)

Razi University

Initialize all Q(s, a) to arbitrary values
For all Episodes
Initialize s < s
Choose a using policy derived from Q, e.g. € — greedy
Repeat
Take action a, observe r and s’
Choose a’ using policy derived from Q, e.g. ¢ — greedy
Update Q(s, a):
Q(s,a) « Q(s,a) +n(r+v Q(s',a’) —Q(s,a))

s« s’

> 1Va

a<a
Until s is terminal state
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Reinforcement Learning

Sarsa (A)

= Keep a record of previously visited states (actions)

Razi University

Initialize all Q(s, a) arbitrarily, e,(s,a) = 0,V s,a
For all Episodes
Initialize s « s,
Choose a using policy derived from Q, e.g. ¢ — greedy
Repeat
Take action a, observe r and s’
Choose a’ using policy derived from Q, e.g. ¢ — greedy
S«r+yQ(s’,a’) —Q(s,a)
e(s,a) «1
Forallse€ S,a€ A
Q(s,a) « Q(s,a) + nde(s,a)
e(s,a) « yle(s,a)

> 1Va

s<s' a<dad
Until s is terminal state
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Reinforcement Learning

Q-Learning

= Solving for the optimal policy: Q-Learning

= Use a learning based model to estimate the action-value function
Q (st ar) = Qiy1 (Sp,ay;0)
6 is model parameters (weights)
= If the model is a deep neural network => deep Q-Learning! 7

= A model predicts what will happen inside an environment._
= Value learning: Find Q(s;, a,) > a,= argmax Q(s,, a’y) = V*(s,)

= Policy learning: Find (s;) —» Sample a, = n(s;) f\
»
= In general, these models could be stochastic (as denoted
above) but in some problems relax to a deterministic form.

Razi University

= Using data in order to fit a model is a learning problem
of its own and often called system identification.
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Reinforcement Learning

Q-Learning (Value Learning)

A model predicts what will happen inside an environment.

Razi University

= Value learning: Find Q(s,, a,) — a,= arg max Q(s,, a’;)

als

= How we can use deep neural network to model Q-function:

state, s

-

—_—

“move
right"

action, a

\_Input

Action + State =
Expected Return

Deep _ |
NN Q(S, a)

Agent Output

~

Y

target
A

/’

N

State = Expected Return for Each Action Qe

Q (S, al) /

W A

state, S Q(S, a‘n) \)
Input Agent Output

predicted

—

L=E ’”(r +y max a(s’, a’)) —Q(s,a) Hzl Q-Loss
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Reinforcement Learning

Q-Learning (Value Learning)

= A model predicts what will happen inside an environment.
= Value learning: Find Q(s;, a;) —» a,= arg max Q(s;, a’;)

= Use deep neural network to Learn Q-function and then use to
infer the optimal policy n(s;) :

é
T
state, s — 0(s,a;) =20 »
= \ 4
\ \
_— Rfjp —— Q(s,83) =3 —» (s) = argmax Q(s, ) 6

&3 7 =a ~

/

— Q(s,a3) =0

=

Send action back to environment and receive next state
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Reinforcement Learning

Q-Learning (Policy Learning)

= A model predicts what will happen inside an environment.
= Policy learning: Find m(s;) —» Sample a; = nt(s;)

= How we can use deep neural network to model policy:
= Approximate Q-function and use to infer the optimal policy 7 (s,):

— Q(s,a1) =20

& \
D
oS Nf\lep _ Q(s,gg) =3 — n'(s) -—-arg‘rlnaXQ(S,a)
/ =0 @

state, s — Q(s,a3) =0

=)
= Or use policy gradient to directly optimize the policy n(s,):

> 1Va

— Plasls) =09 P(ails) =1
& 2
\ J
Y /
| Rf\]ep — 1 . P@)ls) =0.1—> n(s)~P(als)
8 s =a; {m
state, 5 — Plagls) =0
=
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Reinforcement Learning

Q-Learning

= Training the Q-network: Experience Replay

= Learning from batches of consecutive samples is
problematic:
= Samples are correlated - inefficient learning

Razi University

= Current Q-network parameters determines next training é
samples .
(e.g. if maximizing action is to move left, training samples will be /
dominated by samples from left-hand size) — can lead to bad f\

feedback loops

»
= Address these problems using experience replay

= Continually update a replay memory table of transitions
(s;, a;,,7r:S;+1) @S game (experience) episodes are played

= Train Q-network on random mini-batches of transitions from
the replay memory, instead of consecutive samples
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Razi University

Evaluation



Evaluation

Assessment and Comparing of Models

= Assessment of the expected error of a learning
= algorithm: Is the error rate of 1-NN less than 29%?

= Comparing the expected errors of two
= algorithms: Is A~~-NN more accurate than MLP?

Razi University

é

= Resampling Training/validation/test sets methods: -
= K-fold cross-validation p
= Holdout f\\
= Criteria (Application-dependent): <
=« Performance or Misclassification error, or risk (loss functions)
= Time Complexity

« Interpretability
« Easy programmability
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Evaluating Classification Methods

= Performance

= classifier performance: predicting class label of new data
Accuracy, {true positive, true negative}, {false positive, false
negative}, Sensitivity, Specificity, Precision, ...
= Time Complexity

= time to construct the model (training time)
the model will be constructed once
can be large

=« time to use the model (classification time)
must be tolerable
need for good data structures

= Robustness
= handling noise and missing values
= handling incorrect training data

Dr. A. Fathi, Machine Learning
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Razi University

Performance Measures
= Accuracy is not a good measure for classifier

performance always (Why?)
= Suppose a “cancer detection” problem

= Presentation of Classifier Performance
= Use a confusion matrix or a receiver-operating characteristic /

(ROC) curve |
— >

Real 100% e f \

PO J

P I
P PR 7 -
0% P(FP) 100%

= We can extract some performance measures from the above matrix

Predicted

(or curve)
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Performance Measures

= Performance Measures
= Accuracy: (TP+TN) / (TP+TN+FN+FP)
« Specificity: TN / (FP+TN)
=« Sensitivity (Recall): TP / (FN+TP)
=« Precision: TP / (FP+TP)

Razi University

= F1 Score: 2* Precision * Recall / (Precision + Recall ) (

« Index of Merit: (Specificity + Sensitivity) / 2 = (TP%+TN%) / 2 \:\;
Also known as “percentage correct classifications” /

= Performance measured using test set results \

= Test set should be different from the train (learning) set.

= Several methods are available to partition the data into tralnlng)
and testing sets, with different estimates of index of merit
Goal: validating the classifier and its parameters
= Choose the best parameter set
Idea: use a part of training data as the validation set
= Validation set must be a good representative for the whole data
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Data Partitioning (Holdout)

= Holdout methods: Random Sampling
data is randomly partitioned into two independent sets

Always size of train set is twice of test set Training set Test set
Assumption: data is uniformly distributed

S
-

A

All examples

= Holdout methods: Bootstrap -
« Resample with replacement N samples of original data as training set. |
= Some numbers in the original sample may be included several times ,n)

the bootstrap sample (63.2% of samples are distinct) f \
= Holdout methods: Multiple train-and-test experiment
BOOtStrap . Total of number examples S

T

Test set

Experiment #1

Experiment #2

Experiment #3
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= Cross-validation (k-fold, where k = 10 is most popular)

= Randomly partition the data into k mutually exclusive subsets, each
approximately equal size
= At i iteration, use Di as test set and others as training set

« The mean of measures obtained in all iterations used as output

performance measure

Experiment #1

Test set

Experiment #2

Test set

Experiment # i

Test set

Experiment # k

Test set

= Leave-one-out

=« k folds where k = #the number of samples, for small sized data

= Stratified cross-validation

= folds are stratified so that class distributions in each fold is
approximate the same as that in the initial data

C
<
/"
<)
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Data Partitioning(Cross-Validation

= How many folds are needed?

=« With a large number of folds
+ The bias of the true error rate estimator will be small (the estimator
will be very accurate)
-The variance of the true error rate estimator will be large
-The computational time will be very large as well (many experimen@

= With small number of folds /
+ The number of experiments and, computation time are reduced |
+ The variance of the estimator will be small f \

-The bias of the estimator will be large( conservative or higher than \)
the true error rate)

= In practice, the choice of the number of folds depends on the size
of the dataset
For large datasets, even 3-Fold Cross Validation will be quite accurate

For very sparse datasets, we may have to use leave-one-out in order
to train on as many examples as possible
Dr. A. Fathi, Machine Learning




= If model selection and true error estimates are to be
computed simultaneously, the data needs to be divided
into three disjoint sets
= Training set: a set of examples used for learning: to fit the

parameters of the classifier d
= Validation set: a set of examples used to tune the parameters of
a classifier /

= Test set: a set of examples used only to assess the performance
of a fully-trained classifier

= Why separate test and validation sets? <)

= The error rate estimate of the final model on validation data will
be biased(smaller than the true error rate) since the validation
set is used to select the final model

= After assessing the final model with the test set, YOU MUST
NOT tune the model any further
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Evaluation of Different Models

Razi University

= Since, there are several classification algorithms and
given a certain application, more than one is
applicable. We are concerned with two questions:
= 1. How can we assess the error rate of a classifier induced by

an algorithm ? 7

= 2. Given two classification algorithms, how can we say oneis_ -
better than the other one, for a given application ? /

= The classifiers compared can be trained with: s \
« different learning algorithms, —

= or the same algorithm with different hyperparameter settings.

For example, given a multilayer perceptron with four hidden
units and another one with eight hidden units, we would
like to be able say which one has less error?
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Evaluation of Different Models

Razi University

= It should be clear that we cannot look at the training
set accuracies of classifiers and decide based on that,
1.e., choose the less erroneous one.

=« This is because over the training set, the more complex one
having more parameters, will almost always give less error a
than a simple one (overfitting). .

= So, we need a validation set different from the training
set to assess the performance of a classifier, or \
compare two classifiers. 8 \

= Even over a validation set though, just one comparison is not <

enough. There are two reasons for this:

First, the validation set may be small and may contain exceptional
instances which may mislead us.

The second reason is that the learning method may depend on
other factors (like initial weights ) which may affect generalization.
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Evaluation of Different Models

Razi University

= S0, we should have a number of training/validation set
pairs and should run the methods over all these pairs
and then compare their errors on the validation sets.

= Therefore, our first need is to get a number of
training/validation set pairs from a dataset.

= Large dataset:

=« randomly divide it into parts then divide each part randomly
into two sets (one for training and another for validation).

= Small datasets:

= Do our best by repeated use of the same data splitted
differently (this makes the error percentages dependent as
they share data).
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Razi University

= Once we get a number of validation error percentages
of two classifiers, we can define a statistic from them.

= The problem reduces to hypothesis testing, based on
interval estimation 4

T

_ _ Py 4
= Interval Estimation

= A point estimator, e.g., maximum likelihood, specifies a valueﬁ
for a parameter. w

= In interval estimation, we specify an interval within which lies
with a certain degree of confidence.

=« To obtain such an interval estimator, we make use of the
probability distribution of the point estimator.

Dr. A. Fathi, Machine Learning
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Evaluation Different Models

Interval Estimate

= Interval Estimate of the Mean of a Normal Population

with Known Variance

= For example, say we are trying to estimate the mean u of a normal
density from a sample X = {x;} ;. We calculate m as:

m = Eixi/N K

2
= mis a sum of normals and thus is also normal, m~N(y, %). Thus, we

Razi University

define z variable hat has a unit normal distribution. /
z=+N(m—p)/o f\
= We can employ two types of Interval estimation: \)
two-sided confidence interval : ‘
P{—za/z < \/NO:_“) < za/z} =1—a or P{m+za/2\/iﬁ > u > m—za/z\/iﬁ} =1—-a

one-sided confidence interval :

VN(m—p) o
B S S
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Evaluation Different Models

Interval Estimate

Razi University

twa-s:ded confldence mterval one-sided couttrNﬁg:ngce interval

0.05 2.5°/7;v-""l" \ \25% 0.05 /,/ : o /

e - e “
Knowing that 95% of z lies in Knowing that 95% of z lies in f \
{-1.96,1.96}, i.e., P{-1.96<z<1.96}=0.95, {—,1.64}, i.e., P{z<1.64}=0.95, 2
we have : we have :
p {—1.96 < @ < 1.96} — 0.95 P{m’:“” < 1.64} — 0.95
or equivalently or equivalently

(0 (o) (o)

P{m—1.96ﬁ<u<m+1.96ﬁ}_0.95 P{m—1.64ﬁ<u}_0.95
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Evaluation Different Models

Interval Estimate

= Interval Estimate of the Mean of a Normal Population
with Unknown Variance

= If the variance, ¢, is not known, one can plug the sample
variance S?

Razi University

= Hence, for any a € (0, %)

§? = Yi(x; —m)*/(N - 1) <

= instead of ¢2 and make use of the fact that \\“
VN(m — p) Py

S ~1ly_q |

[\

W

VN(m—p)
P{_tl—a/Z, N-1 < 1: E<tisap, N—1} =1-a

[ ] OI‘ USing that tl—a/Z, N-1 — ta/Z, N-1

S S
P{m + t1-a2, N-1 >p>m-—1ty_g/2 N-1 \/_ﬁ} =1-a
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Evaluation Different Models

Hypothesis Testing

= In certain applications instead of explicitly estimating
some parameters, we may want to use the sample to
test some particular hypothesis concerning the
parameters.

= For example, instead of estimating the mean, we may want tq/
test whether the mean is less than 1.

Razi University

= If the random sample is consistent with the hypothesg)
under consideration, we say that the hypothesis IS 7\
“accepted,” otherwise we say that it is “"rejected.” )

= But when we make such a decision, we are not really saying
that it is true, but rather that the resulting data appear to be
consistent with it with a given degree of confidence.
= The procedure is very similar to that used in interval
estimates.
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Evaluation Different Models

Hypothesis Testing

Hypothesis Test of the Mean of a Normal Population
with Known Variance ¢?

Razi University

Let us say we have a sample from a normal distribution with
unknown mean u and known variance ¢ and we want to test

a specific hypothesis about g, -
= For example, whether it is equal to a specified constant . \/
It is denoted as H, and is called the null hypothesis:
Ho:p = po J
against the alternative hypothesis
Hy:p# po

m is the point estimate of 4 and it is reasonable to
accept H, if m is not too far from.
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Evaluation Different Models

Hypothesis Testing

= Hypothesis Test of the Mean of a Normal Population
with Known Variance ¢*

Razi University

« null hypothesis: Hy u=pug

« alternative hypothesis: H;: u + u,

= We accept the hypothesis with 1 — a degree of significance/
if yolies in the 100 x (1 — a) percent confidence interval, i.e.,
H, is accepted if P
VN(m — Ho) |

pu €{—Zy/2,24/2} f}\

« If we reject when the hypothesis is correct, this is a Type I -

error and thus «, set before the test, defines how much Type I
error we can tolerate.

« Type II error is the probability of accepting the null hypothesis
when the true mean u is unequal to u,.
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Evaluation Different Models

Hypothesis Testing

= Hypothesis Test of the Mean of a Normal Population with
Known Variance ¢*

Razi University

= Ho:p=pyo
= Hy:p # po
= The probability that H, is accepted when the true mean is ;;/
is a function of u and is given as

ﬁ(ﬂ) — Pu {_Za/z < \/_(m — ”0) < Za/Z} J

o |
\
= 1— B(p)is called the power function of the test and is equal tf

the probability of rejection when u is the true value \)
Decision
= Type I, Type II errors | Truth Accept Reject
True Correct Type I error
wer of . yP
and power of a test False | Type Il error | Correct (Power)
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Evaluation Different Models

Hypothesis Testing

= Hypothesis Test with Known Variance ¢*
= One can also have a one-sided test of the form

Razi University

= Hy:u < Yo

= Hi:u>puy
= The 1 — a degree of significance one-sided test defines the
100 x (1 — a) confidence interval bounded on one sidein
which m should lie for the hypothesis to be accepted. We

H, accept if: A\
\/N(m — Ho) \
o € {_OO» Za} \)
= Variance Unknown: Use t, instead of z.
¢ VN(m-—
= Accept Hy: u = p if M S ko) {—ta/2n-1,taj2,N-1}
u Accept H():ﬂ < Ho if \/N(m—ﬂo) (S {—00, ta,N—l}
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Evaluation Different Models

ASSESSi n g E r ro r Razi Lj::ersny

= Let us say a classifier has a probability p of making an

error.
« If x!is the correctness of the classifier’s decision for instance [
=« x!is Bernoulli distributed where:
with probability p, it commits an error and x! takes the value 1

;\\\

and with probability 1 — p, it is successful and x! is 0.

= We would like to test if the error probability p is less /
than or equal to some specified value p,: a

n HO:pSpo VsS. H1:p>p0 \)
= Let X denote the number of errors on a sample of size N:

N
Xzz x!
I=1

= x!are independent Bernoullis and X is Binomial.
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Evaluation Different Models

Assessing Error
= Single training/validation set:
= Binomial Hypothesis Test
= Hy:p < pg
= Hi:p > py
= If error probability is p,
probability that there are e

errors or less in N validation
trials is:

P{X<e}= i (1:,) Po'(1—p)"™
i—1

= Accept if this probability is N=100, e=20
lessthan 1 -«
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Evaluation Different Models

Assessing Error
= Normal Approximation to the Binomial

= Since, X is the sum of independent Bernoullis and for
large N and small p, is approximately normally
distributed with mean Np, and variance Npo(l po)

X~N(Npo, Npo(1 — po)). Then |
(X — Npy) € (00 2;_) - j

~ I R 74 ]
VNDPo(1 — po) |
L7
= Binomial Hypothesis Test |~

= Hy:p <po _

= Hi:p>py

N=100, e=20
= Accept if this prob for X = e is less than z,_,
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Evaluation Different Models

ASSESSi n g E r ro r Razi Lj;]:l\;/ersny

= Paired t-test

= If we run the algorithm k times, on k
training/validation set pairs, we get k error

percentages p', i = 1,2, ..., k:

N I
=1 X

[

N
= x! = 1 if instance [ misclassified on run i

= Then average and variance of p' are:
m = Zipi/k , §% = Zi(pi - m)%/(k — 1)
= we accept p, or less error if

\/E(m — Do)

L1~ S €E{—o,tyk-1}

> 1Va

= Typically, k is taken as 10 (¢, 59 = 1.83) or 30 (ty 0529 = 1.70).
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Evaluation Different Models

Comparing Classifiers Error

= Given two learning algorithms and a training set, we
want to test if the two algorithms construct classifiers
that have the same error rate on a new example.

= McNemar’s Test
= Ho:ppo=pq VS. Hy:pto # g K
= Given a training/validation set, we train both classifiers on the training-.
set and test them on the validation set and compute the contingency/

table of the two classifiers: f\\
epo: Number of examples eop1: Number of examples
misclassified by both misclassified by 1 but not 2 w
e10: Number of examples ¢11: Number of examples
misclassified by 2 but not 1 | correctly classified by both

(leo1—e10/—1)7 ~x?
ep1t+e1o 1

= Accept H, if this value is equal or less than < y7,

Dr. A. Fathi, Machine Learning
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Evaluation Different Models

Comparing Classifiers Error

= K-Fold Cross-Validation Paired t-test
=« Use K-Fold Cross-Validation to get K training/validation Folds
= p}, p?: Errors of classifiers 1 and 2 on Fold i
= p; = pi — p:: Paired difference on Fold i

Razi University

= The null hypothesis is whether p; has mean 0
s Hy:pu=0 vs. H:u+0
= Then average and variance of p; are:

m=);p;/K, §% = 2i(pi — m)z/(K —1)

= we accept p, or less error if

N\/E(m—O) _\/Em

L1 S B €{—ta2k-1,ta/2k-1)}
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Evaluation Different Models

Comparing Classifiers Error
= TxK-Fold Cross-Validation Paired t-test

Razi University

= Use K-Fold Cross-Validation T timestoget T X K
training/validation Runs

= pi: Paired Errors difference of classifiers 1 and 2 on runt of
Fold i

= Then average and variance of p; are:
m, =Y, pi/K , S¢* = Yi(pt —my)? /(K — 1)

pi

w/Zt S¢2/T
= Hypothesis Test:

= Two-sided test: Accept Ho: o = pqIf in {—to /21 ta/2r)

= Then we have : t;~

> 1Va

= One-sided test: Accept Hy: po < pqIf in {—oo, to 7}
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Evaluation Different Models
Comparing Classifiers Error

= Comparing L>2 Algorithms: Analysis of Variance (Anova)
Ho:po=pq = =py
= Errors of L algorithms on K-Folds
X;i~N(p;,0%),i=12,.. K j=12,..,L
= We construct two estimators to ¢2.

One is valid if H, is true, the other is always valid.
= We reject H, if the two estimators disagree.

Razi University

= Other Tests
= Paired F Test
= Range test (Newman-Keuls):
= Nonparametric tests (Sign test, Kruskal-Wallis)
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Your presentations will be started from the next session



